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CHAPTER
ONE

Stability

The stability of mathematical equations can be an interesting concept for mathematicians, but it can
also be of importance to persons who work outside the realm of pure mathematics. For example,
physicists are interested in the stability of the mathematical formulae which they use to model
physical processes. More precisely, physicists and other scientists are interested in determining
when a small change in an equation used to model a phenomenon gives a large change in the results
predicted by the equation and thereby makes the mathematical model unreliable. Mathematicians
and the scientists who use their results wish to determine when making small changes in an equation
causes its solution to jump far away from the solution of the original equation. We would like to
know when small changes in a particular functional equation—Cauchy’s fundamental functional
equation—have only small effects on its solutions.

This is the essence of the question of stability. It is of tremendous importance to the scientists who
often construct their mathematical models experimentally. In such cases, it is extremely difficult if
not impossible to derive the precise equation which exactly models a physical process. Often variables
with minute effects on the system are difficult to discover under the conditions of the experiment, and
so they are left out of the mathematical model. Is it possible, though, that omitting such a variable
could make the solutions to the model completely unreliable in describing the very process whose
events it was designed to predict, if conditions of the experiment are changed even only slightly?

The question could be and has been raised about how to define stability for an equation or
system of equations. Which definition of stability is appropriate for a given problem? Throughout
this work, we will see and use a number of different definitions of stability. In order to establish a
clear concept of what stability is, we examine the idea as it is applied to the solutions of differential
equations and to functional iteration.

In the field of differential equations, a type of stability named for the mathematician Liapunov
is often considered. Here one includes with a differential equation its set of initial conditions, say
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x(tp) = xo. Suppose that an exact solution x(t; to, o) of the differential equation exists on the open
infinite interval (g, 00) and that the solution z is continuous on (g, 00). The solution z is stable in
the Liapunov sense if, for a given ¢ > 0, there exists a § > 0 such that ||z (¢; to, 1) — x(t; o, xo)|| < €
for all ¢ in the interval (tp,00) whenever x; is within ¢ of the vector zo [6]. If we begin with a
different initial condition, we get a different solution z(t;tg,x1) of the differential equation. Now, if
our second intial condition is “close” to the first initial condition, and if the two solutions x(t; to, 1)
and x(t; tg, xo) of the differential equation remain “close” to each other, then the solution x(t; to, zo)
exhibits Liapunov stability.

A similar concept of stability is of importance in the study of dynamical systems (cf. [14]).
Often biological and other processes are modeled by the iteration of a particular function; i.e., the
repeated composition of the function with itself. In such models, the values of the variables in one
state depend entirely upon the values of the variables which occurred in the preceding state; e.g., the
population of the earth in the year 2000 depends upon the population of the earth in the year 1999.
As the Ukrainian mathematician Sharkovsky showed (cf. [14]), the process of functional iteration
can be very complicated since the existence of a three-cycle mandates the existence of cycles of all
other orders. In such an instance, one can pick two seed values which are as close as one pleases but
eventually end up with values quite far apart after a number of iterations. Will small changes in the
iteration function result in small changes in the orbits obtained by the iterative process? A result
given by Block (cf. [14]) answers this question somewhat positively. According to Block, if we are
given a compact set I and continuous function f : I — I which has a cycle of order m, there exists
a real number € > 0 such that every continuous function g : I — I which satisfies the inequality
[ f(z) — g(x)]| < € for every = € I has a cycle of order k following m in the Sharkovsky ordering of
cycles. That is to say, that if we begin with a function f which has a fixed number of cycles, we
can find within some distance of f another function g which has fewer cycles than does f. Kloeden,
on the other hand, proved a result (cf. [14]) which gives a quite negative answer to the question
regarding iteration orbits. On a compact set I, for any continuous function f : I — I and for any
€ > 0, there exists a chaotic function g : I — I within € of f for all z € I. Even if the iteration
orbits obtained by f are non-chaotic, we can find within any arbitrary distance of f a function g

whose orbits are chaotic.

While we will find much more positive results in dealing with our question of the stability of
Cauchy’s fundamental functional equation, we can easily infer from the above situation why asking
questions about stability is of some importance. We get even more justification for examining
such questions when we understand how a functional equation which appears quite simple in its
construction can have solutions which are far from simple—particularly the solution given by G.
Hamel, which we examine in the next section.

In his book A Collection of Mathematical Problems, S. M. Ulam posed the question of the stability
of the Cauchy equation. Ulam asked: “...if we replace a given functional equation by a functional
inequality, when can one assert that the solutions of the inequality lie near to the solutions of the
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strict equation?” [16] Originally, he had proposed the following more specific question during a
lecture given before the University of Wisconsin’s Mathematics Club. If a function f approximately

satisfies Cauchy’s functional equation

(1.1) flz+y) = flx)+ fy)

when does there exist an exact solution of (1.1) which f approximates? [10] The problem has
been considered for many different types of spaces by a number of writers including D. H. Hyers,
Th. M. Rassias, and Z. Gajda. Before we begin looking at the many theorems developed to answer
the question of the stability of Cauchy’s fundamental functional equation, we should first look at its

exact solutions.



CHAPTER
TWO

The Solutions of Cauchy’s Equation

In 1821 A. L. Cauchy solved the equation

(1.1) flx+y) = flx)+ fy)

already known to A. M. Legendre and C. F. Gauss as much as thirty years earlier. This functional
equation has many practical applications (cf. [1], [2], and [4]). In the discussion which follows, we
use the following notation: N denotes the natural numbers, QQ the rational numbers, and R the real
numbers.

Assuming that f : R — R we can proceed toward a solution of (1.1) in the following manner:
First, we put y = = to get f(2z) = 2f(x). By induction it is proved that

(2.1) f(na) = nf(x)

for any positive integer n. This is accomplished by replacing y by successively higher integer multiples
of z in (1.1). Now, if x = ', where m and n are positive integers and ¢ is an arbitrary real number,
then nx = mt, and we can write

(2:2) J(n2) = f(m).
Since m,n € N, then (2.2) can be written as

(2.3) nf(e) =mf(t)
or

(2.4) I(@) = (1),
but since z = ¢, then (2.4) becomes

(2.5) F(5) =2 see).
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Replacing x and y both by zero in (1.1) gives that f(0) = 0. By replacing y by —z in (1.1), we
obtain the following equation

(26) f0) = f(@) + f(=x)
which shows us that f is an odd function since f(0) = 0. These last two statements combined show

that any solution of (1.1) is Q-homogeneous; i.e., it satisfies

(2.7) flrt) =rf(t)

for any rational number r and any real number ¢.

So far, we have made no assumptions about the solutions of (1.1). We have obtained (2.7) by
following only the requirements implicit in the statement of (1.1). In order to arrive at further
information about certain types of solutions of (1.1), we must make some assumptions about their
nature; i.e., we must assume some type of regularity condition about f.

G. Darboux showed that if f is continuous at a single point in its domain, then it must be
continuous everywhere. Later, Darboux was able to show that weaker regularity assumptions on
f could also force its continuity on its entire domain. For example, if it is assumed that f is
nonnegative (or nonpositive) for sufficiently small positive z, then f is continuous everywhere. Also,
if f is bounded on an arbitrarily small interval then f is continuous. In 1929, A. Ostrowski proved
that the upper- or lower-boundedness of f on a set of positive measure was sufficient to guarantee
its continuity.

Nothing in the statement of (1.1), however, requires the continuity of its solutions. Ounly the
linearity of the solutions on the rationals is inherent for (1.1). Do discontinuous solutions of (1.1)
exist, and if so, how can one demonstrate their existence? The work already done by Cauchy,
Darboux, and Ostrowski seemed to indicate that the only solutions of (1.1) are all continuous and
linear. In 1905, however, the German mathematician G. Hamel demonstrated the existence of
discontinuous solutions of (1.1); however, in order to do so, he relied upon Zermelo’s Axiom of
Choice (cf. [14]).

Hamel first constructed a basis for the real numbers over the rational numbers. According
to Hamel, every nonzero real number can be written uniquely as a finite sum of nonzero rational
multiples of elements of the basis. Naturally because there are uncountably many irrational numbers
and only countably many rationals, Hamel’s basis for the real numbers must have uncountably many
elements. Now, if (with some abuse of notation) a basis for the real numbers is {hq, ha, h3, ...}, then

we can express each nonzero real number x as a finite sum
(2.8) x=1r1h1 +roho + -+ +1r,h,

where each r; is a rational number and each h; is distinct from every other.
If H is a Hamel basis for the real numbers over the rationals and f is any mapping of H into the
real numbers, then the extension of f defined, for x expressed in (2.8), by

(2.9) f@)=rif(h1) +raf(h2) + -+ 7o f(hn)
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is a solution of Cauchy’s equation (1.1) on R. This is easily enough demonstrated to be true. For
any pair of real numbers x and y, the three numbers x, y, and = + y can be expressed as the sum of
a finite number of rational multiples of Hamel basis elements. Taking the union of the set of basis
elements used to express x, the set of basis elements used to express y, and the set of basis elements
used to express x + y, we can write x, y, and x 4+ y with rational multiples of the elements of this
finite union of basis elements, say {h1,..., hn,}, where some of these rational scalars are allowed to

be zero. This implies the following equation:

Tlf(hl) + -+ Tmf(hm) + Slf(hl) +F Smf(hm)
(r1 4 s1)f(ha) -+ (rm + $m) f (hm).-

f(x) + f(y)

(2.10)

But the representation of a real number as in (2.8) is unique up to nonzero rationals. Thus the

expression for x + y is
(rihe + -+ rmhm) + (s1hy + -+ b)) = (r1 +s1)h 4+ 4 (P + 5m) o,

so that (2.10) yields f(z +y) = f(x) + f(y). Conversely, if f is any solution of (1.1), then it can
be written in the form given in (2.9). The extension of f given by (2.9) will yield discontinuous
solutions of Cauchy’s equation if f is any arbitrary mapping of the elements of the Hamel basis into
the real numbers such that f(hg) # %f(fh)-

Now that one can demonstrate the existence of discontinuous solutions of Cauchy’s equation (1.1),
how might one describe their general appearance? Naturally, it is easy to visualize the continuous
solutions of Cauchy’s equation, but it may not be so easy to describe the solutions envisioned by
Hamel. As J. Aczél has shown in [2], if f : R — R is a solution of Cauchy’s equation and if f is
discontinuous, then its graph is dense in the plane R%. The proof of this statement involves only

linear algebra and is given in the following theorem.

Theorem 2.1 The graph of every solution f: R — R of

(1.1) flx+y) = f(=)+ fy)

for all x,y € R, which is not of the form f(x) = ax for all x € R and some real number a, is

everywhere dense in the real plane R2.
PRroOF. The graph of f is the set of ordered pairs
G ={(z,y)lz € R,y = f(z) €R}.

Now take some 27 € R\ {0}. If f is not of the form f(z) = ax for any real number a, then there
exists a nonzero real number x5 € R such that

f(z1) y fla2)

2.11
(2.11) o s
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The above inequality (2.11) implies

(2.12) zaf (1) # w1f(22),

or

(2.13) 21 f(w2) — w2 f (1) #0.

Notice now that (2.13) gives us the following:

(219 nflen) = afe) = | 1 ‘ 40

so that the vectors vi = (21, f(z1)) and va = (a9, f(x2)) are linearly independent; therefore, they
span R2. We can then write any vector v € R? as follows:

(2.15) V =c1Vy + vy

for some real numbers c; and cy. There also exists a vector v/ = r;vy + rovg which is arbitrarily
close to vector v for some rational numbers r; and ro, since we can find a rational number arbitrarily

close to any real number; i.e., since the rationals are dense in the reals. Now,

ri(z1, f(x1)) + ra(xe, f(22))
= (i@ +rewe,rif(21) +r2f(22))
(2.16) = (rz1 + a2z, f(riz: +rax2))

r1V1 +T2Va

where the last equality follows from (2.7) because r and ry are rational numbers. Then we have
(2.17) G' = {(z,y)|lz = riaz1 + raxe,y = f(x) and r1,72 € Q}

is everywhere dense in R2. Therefore, G which contains G’ is also dense in R?. W
The above theorem also demonstrates a reasonable conclusion about the measurable solutions
of (1.1). If a solution f : R — R of (1.1) is measurable, then it is of the form f(z) = cz, for some

constant c¢. We will find this fact useful later when we examine a few definitions of stability.



CHAPTER
THREE

Hyers’ Solution

D. H. Hyers of the University of Wisconsin was the first to provide an answer to Ulam’s original
question (cf. [10]). Hyers phrased the problem precisely and provided an elegant solution. He began
by looking at a particular functional inequality (shown below) in a quite intuitive manner—one which
is consistent with the rigorous definitions of continuity and limits of a function. It must be noted by
anyone who has attempted a solution of Ulam’s problem that it was Hyers who conceived the basic
idea used by subsequent writers including this writer. By working to construct a Cauchy sequence
of function values, Hyers was able to define directly a particular solution 7" of Cauchy’s equation
which an approximately additive function f would approximate. He then proved the uniqueness of
the additive function 7" and showed that it would be continuous whenever f is continuous at some
point.

Hyers constructed his solution by relying upon the inherent properties of the inequality

(3.1) 1f(x+y) = flz) = fF)l <o

Replacing y by x in this inequality gives ||f(2z) — 2f(z)|| < 6. Now dividing this last inequality
through by 2 and replacing z by £ yields ||3 f(z) — f(£)|| < §. We now replace = by % in this latter
inequality to obtain ||1f(%£) — f(%)|| < 4. We continue this process of replacing z by £ in each of
the inequalities obtained until we reach the inequality |2 f(5%r) — f(4%)|| < 5. The idea now is
to add the appropriate multiples of all these inequalities together by the triangle inequality so that
only the terms involving the nth power of 2 remain. To do this, we also rely upon the following
identity which is readily verified by the reader:

(3.2) 14+2+4+8+ 42" 1=2"—1.

Now, we multiply our first inequality by 57-t, our second inequality by ==z, and so forth. Then,
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when we add the inequalities obtained after this multiplication, we get

- ()] ) 1) <o+ +8)

By (3.2) the right side of (3.3) equals §(1 —2~")—a fact that Hyers used to formulate the induction
hypothesis used in his theorem which we present now.

1
2n—1

(3.3)

Theorem 3.1 Let E and E’ be two Banach spaces, and let f : E — E’ be a mapping such that for
some § >0

(3-4) If(x+y) = flz) = fyll <o

for allx andy in E. Then the limit T(x) = lim,,_ 27" f(2"x) exists for each x € E, the transfor-
mation T is additive, and the inequality || f(x) — T (x)|| < d is true for all x € E. Moreover, T is the
unique such additive mapping.

PROOF. By letting y = x in (3.4), one obtains the inequality || f(2z) — 2f(z)|| < §. Dividing this
last inequality through by 2 and replacing = by § yields

(35) 27 /@)~ f M)l < 3.

Then we make the inductive assumption
(3.6) 127" f(z) — f(27"z)|| < 6(1—277)

for some positive integer n. Clearly the inductive assumption is true for the case n = 1, since
replacing n by 1 in (3.6) would give (3.5). Now, the inductive assumption must be demonstrated to
hold true for the next positive integer n+ 1. Replacing « by 27"z in (3.5) gives the following result:

(3.7 27 f(27") — f2" ) < 5.
Multiplying (3.6) by 2~ yields

(39 27 f(27"a) — 27 () < a2 27,
Then, adding (3.7) and (3.8) by the triangle inequality gives

(39 @ a) 27 ()| < 81— 27

so that the inductive assumption (3.6) is true for any positive integer n.
Now, if m > n > 0 then m — n € N; therefore, n can be replaced by m — n in (3.6), and the
following inequality is obtained:

(3.10) | £(27 ) = 27 ()| < S(1— 2.
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Dividing (3.10) by 2™ and replacing « by 2™z then yields
(3.11) 27" f(2"x) — 27 f(2™a)|| < 6(27" —27™).

As m,n — oo, the right-hand side of (3.11) converges to zero. This then implies that the sequence
{27 f(2"2)}52, is a Cauchy sequence for every fixed z in E. Since E’ is a Banach space, the limit

of this sequence exists, and this limit is in E’. Define T : E — E’ by

T(z) = nILrIgO 27" f(2 ).
Dividing (3.4) by 2=™ and replacing « and y by 2"z and 2"y, respectively, yields
(3.12) 127 f 2" (2 +y)) — 27" f(2") = 27" F(2"y) || <2770

As n — oo, then (3.12) becomes

(3.13) [T(z+y) —T(x) —T(y)l =0
(3.14) T(x+y)=T(x)+T(y)

so that the mapping T : E — E’ defined above is itself an additive function; i.e., it is an exact
solution of Cauchy’s equation (1.1).

Now, replace by 2"z in (3.6) to obtain
(3.15) [f(2) =27 f(2"2)[| < 0(1 —27").
As n — oo, then inequality (3.15) becomes
(3.16) 1f(x) =T ()| <.

Suppose that there exists another mapping ¢ : E — E’ such that
(3.17) 1f(2) —t(x)]| <6

and such that ¢(y) # T(y) for some y € E. Then there exists some positive integer n such that

26
(3.18) n > T

This last inequality implies that | T'(ny) — t(ny)|| > 20. However, adding inequalities (3.16) and
(3.17) by the triangle inequality and replacing x by ny yields

(3.19) [t(ny) — T (ny)|| < 26,
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so that the assumption that ¢ and T were not equal at some point in their common domain contradicts
(3.19). It must be true then that the additive mapping T which f approximates is unique. B

So far Hyers has considered the possibility that T" could be either of the two primary types
of solutions of Cauchy’s equation: either continuous everywhere or discontinuous everywhere. By
reductio ad absurdum Hyers proves the following theorem regarding the continuity of the additive
mapping 7"

Theorem 3.2 Under the hypotheses of Theorem 3.1 suppose that f is continuous at a single point

y of E, then T is continuous everywhere on E.

PROOF. Assume that the additive function 7" is not continuous at some point y in E. By a
result of Darboux (cf. [14]), it must be that T is discontinuous everywhere on E. Then there
exists an integer k and a sequence x, of points in E such that z, — 0 as n — oo and such
that ||T(z,,)|| > 1 for all positive integers n. Also, let m € N be such that m > 3k§. Then
IT(mxn +y) — T(y)|| = |T(mzy)| > 30. However, there exists some integer N € N such that for
n > N, T (man+9)~TW)|| < |T(man+y)— f(ma,-+9)|1+ ] fme,+y) - @I @) -T@) < 36,
so that a contradiction is obtained, and the result is established. O



CHAPTER
FOUR

Rassias’ Solution

While working as a postdoctoral Research Fellow at the University of California at Berkley in 1977,
Th. M. Rassias took up the question of the stability of the Cauchy equation (cf. [12]). He took
an approach very similar to that of Hyers, but he chose an inequality which subsumed that of his
predecessor. of Hyers. There was, however, one large difference between the requirements of Hyers
and Rassias—the latter did not require the boundedness of the Cauchy difference as did the former.
Rassias assumed that the norm of the Cauchy difference was majorizable by a function of x and y.
Again, the mapping f was assumed to be from one Banach space into another. As in Hyers’ proof,
Rassias directly defined the additive mapping T' to be the limit T'(z) = lim, o 27" f(2"z). The
results are given in the following theorem. The inductive assumption which Rassias used does not

differ greatly in its construction from that used by Hyers, and so we do not set it up here.

Theorem 4.1 Let Fy and Es be two Banach spaces, and let f : By — Ey. Assume that there exists
6 >0 and p € [0,1) such that

[l ]lP + [lyllP

for all x,y € E1. Then there exists a unique additive mapping T : Fy — Fo such that

1f(x) =Tl _ 20

4.2
4.2) . Saow

forall x € Ey.

PROOF. Setting y = z in (4.1) yields

127 22) = f@I _

[l]lP -

(4.3)

12
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Make the inductive assumption

-n n n—-1
o 27 @ §2 g
m=0

l][?

for some positive integer n, and for some 6 > 0. Clearly, this is true for n = 1 since setting n equal
to 1 in (4.4) gives (4.3). The inductive step must now be demonstrated to hold true for the integer
n + 1. Replacing = by 2z in (4.4) gives

(45) “27n71f(2n+1x) — 2*1f(2:17)|| <0 zn: gm(p—1)

[][? =

Now adding (4.3) and (4.5) by the triangle inequality yields the following result

27n71 2n+1 _ n
o e T

so that (4.4) is valid for any positive integer n. Now, the right side of (4.4) is a geometric series and
converges for p < 1. In particular, 2"\ 27(—1) < $7°°_ 9m(p=1) g6 that (4.4) can be written as

2" f(2) — (@) _ 26
el So-w

(4.7)

for p < 1. Now, if m is a positive integer such that m > n > 0, then m — n is also a positive integer
and can be substituted for n in (4.7). By doing this, we can rewrite (4.7) as follows:

n—m m—n 20”x||]?
(1) 27 2 = ()] <
Now replacing x by 2™z in (4.8) gives the inequality

_ 2"P20)||x||P
4.9 anTm (2™ — f(27 < —
(19) 2 2m) — fn)| < TS
which, when we divide through by 2™ gives us the result

20||x||P

(4.10) nz—mf@mx)—Q—"f@"xﬂ|szn@‘”54?¥;~

Taking the limit of (4.10) as m and n both tend toward infinity shows that the right-hand side of
(4.10) converges to zero for any p < 1. This implies then that the sequence {27 f(2"z)}32, is a
Cauchy sequence. Since F5 is a Banach space, this sequence converges for each fixed =z in F; to a
limit point in Es. We call this limit T'(x). Now, replacing x and y by 2"z and 2"y in (4.1) and
dividing the inequality through by 2™ allows us to write the following:

(4.11) 1277 f (2" (z +y)) =277 f(2"2) — 27" F(2"y)|| < 2P D(|[z P + [ly]|P).
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Taking the limit of both sides of (4.11) as n tends toward infinity then gives

(4.12) 1T(z+y) —T(x) —T(y)|| =0
(4.13) T(x+y)=T(z)+T(y)

for any x and y in Eq, so that the mapping T defined by T'(z) = lim, . 27" f(2"z) is indeed an
additive mapping.
Moreover, if we take the limit of both sides of (4.7) as n tends toward infinity, we get the following

20| x|

(414) IT@) - F@)] < 5200

which is equivalent to (4.2).
Suppose now that there exists another additive mapping ¢ : E1 — FEs such that

26||z[|?

(4.15) 1t(z) = F@)ll < 57

for some ¢ such that 0 < g < 1; however, adding (4.14) and (4.15) by the triangle inequality, we find
that
20||||P | 26]=|?

(4.16) I7(@) ~ @) € G0 + 5ar-

Now, replacing « by na in (4.16) and dividing the inequality through by n gives

1 1 20||x||P 20||z||4
(4.17) IT(x) —t(x)| = HnT(nx) - nt(nx)H < n’kl% anl%.

Since both p, ¢ < 1, taking the limit of both sides of (4.17) as n tends toward infinity gives
(4.18) lim ||T(z) —t(z)|]| =0

for all z € Ey; therefore, T'(x) = t(x) for all x € Ey. This establishes the existence and uniqueness
of the additive mapping T" which f approximates whenever f satisfies (4.1). O

In [12], Rassias considered the continuity of the additive mapping T and the above theorem
together; however, we treat them separately in order to preserve the intuitiveness of Rassias’ exten-
sion of Hyers’ Theorems 3.1 and 3.2. In the following theorem, we now consider a condition on the
mapping f which is sufficient to guarantee the linearity of the additive mapping T', provided that
F4 and FEs are linear spaces over the reals.

Theorem 4.2 Let [ be defined as above in Theorem 4.1, but let [ satisfy the additional condition
that f(tx) is continuous in t for each fivzed x € Ey. Assume also that E1 and Es are real Banach

spaces. Then T 1is linear.
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PROOF. As we discussed earlier in this paper, if T is a solution of Cauchy’s equation (1.1) for
all z and y in Eq, then T'(rz) = rT(z) for any rational number r. Choose zg € Fy and p € E3 (the
dual space of F5). Let ¢ be a real number, and consider the mapping

(4.19) tis p(T(tzo)) = 61(2).

Then ¢ : R — R is also a solution of Cauchy’s equation (1.1). Because of the definition for 7" in the

above theorem and since p is continuous, we can write ¢ as follows:
(4.20) o(t) = lim 27" p(f(2"txo)),

and each ¢, (t) = 27" p(f(2"tzo)). We note that since we assume that f is continuous in ¢ and since
p is continuous, each of the functions ¢, (t) is continous in t. Thus, ¢(¢) is the pointwise limit of
a sequence of continuous functions; therefore, it is a measurable function. By our discussion of the
solutions of Cauchy’s equation earlier in this paper, we know that if ¢ is a solution of (1.1) and if
¢ is measurable, then it must be continuous; therefore, ¢(at) = a¢(t) for any real number a. Since
this is true for all zp € Ey and all p € E3, we conclude that T'(ax) = aT'(z) for any a € R also, and
therefore T is linear. O

Here, we should make a note that the linearity of the additive mapping T does not imply its
continuity . Because the spaces E; and F5 could be infinite-dimensional, the mapping T could be
linear but not continuous. We take the following example. Let X be the space of polynomials on the

interval [0, 1] over the reals. This is an infinite-dimensional space. We define the norm as follows:
la(t)| = mazscgo, (1)
for each polynomial z(t). Also, let T: X — X be the mapping defined by
T (z(t)) = 2'(t).

Because the derivative is a linear operator, T is a linear mapping. We shall now demonstrate by
reductio ad absurdum that it is not a continuous mapping.
We assume that T is a continuous mapping. Hence given any ¢ > 0, there exists a § > 0 such
that
IT(x) — T(xg)|| < € whenever ||z — xo|| < 4.

Let zg = 0, so that the above definition of continuity reduces to
|T(x)|| < e whenever ||z| < o.

If we let the polynomial z(t) = A", then T(z) = T(M") = Ant"~1. Choosing A = £, we obtain
from the above inequality
o 1
Ant™ Y| = |Ajn = 7” < e whenever X" = [A| = 5 <.
This implies that %” < € for all n, which is false. Hence, our assumption that the linear mapping T

is also continuous is not true.
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Gajda’s Solution

Some years after the publication [12] of his solution of Ulam’s question of stability of Cauchy’s
fundamental functional equation, Rassias noticed that it was unnecessary to assume p € [0,1), but
that p < 1 was sufficient to guarantee the results of Theorem 4.1. Therefore, Theorem 4.1 above

can be written in a more general manner as follows:

Theorem 5.1 Let Ei and Es be two Banach spaces, and let f : By — Ey. Assume that there exists
0 >0 and p < 1 such that

1f(z+y) — fl@) - FWIl _,

(5.1) <
][ + [ly]|P

for all x,y € E1. Then there exists a unique additive mapping T : By — FEs such that

1f(x) = T()l| _ 20

5.2
(5:2) Wl Saow

forall x € Ey.

During the Twenty-Seventh International Symposium on Functional Equations, Rassias asked
whether the theorem could be extended to include the case for p > 1 [11]. Z. Gajda of Katowice
provided an answer to the question along with a counterexample for the case of p = 1 [8]—a
counterexample which we shall examine later in this paper. In order to extend the theorem to
include p > 1, Gajda gave a new definition for the additive mapping 7. While Hyers and Rassias
had defined T'(x) to be the limit of the sequence {27" f(2"x)}52; when p < 1, Gajda defined T'(z)
to be the limit of the sequence {2" f(27"x)}>2 ; for each fixed z and proved that it was indeed a
Cauchy sequence, when p > 1.

Gajda also noted that the sequential completeness of the domain space E; was an assumption
not needed in the proof of Rassias’ theorem; therefore, it could be removed. J. Rétz [13] showed

16
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also that the conditions on the domain space could be relaxed even further. He required only that
E; be a vector space whose scalar field includes the rational numbers. Notice that throughout the
proofs of Hyers’ and Rassias’ theorems, we used only those scalar multiples which were powers of 2,
and the smallest field from which such numbers can come is the field of all rationals.

Using Rassias’ inequality (4.1), we shall make some replacements for z and y in order to set up

our induction hypothesis. Replacing x and y by § in (4.1) we get

x
. —2f (2| < 2P0z
(5.3) |£@) =21 (5)] <2761z
By repeated use of the triangle inequality, we can write
(5.4) If(z) =2 @7 @)l < [If(x) = 2f @7 )|+ + 2" H| f(27" ) — 2f(27 "),
but by (5.3) we have

If(z) =2f@7 )|+ + 2" 7Y f27" ) - 2f(27 )|
(5.5) < 21PY||g||P A+ - 4 2n Rl 2 P

Now, the right-hand side of (5.5) is a finite geometric series; i.e., it is given by Y"1 | 2i(1=P)g||z|P.

This finite sum is of course less than or equal to the infinite geometric series of the same form which
20"
oP—2
was presented in [8].

converges to . With this idea established, we will now proceed to prove Gajda’s theorem which

Theorem 5.2 Let E1 be a normed linear space and let E5 be a Banach space. Let f: Fy — Fy be
a mapping for which there exist two constants 6 € [0,00) and p > 1 such that

(5.6) 1 (@ +y) = flz) = F@I <0zl + llyl”)

for all x,y in E1. Then there exists a unique additive mapping T : E1 — Es such that

20]|[|?
. -T < ——
(5.7) 1f(z) = T(@)ll = 55—
for every x in Fy.
PROOF. Replacing z and y by 2712 in (5.6) gives
(5.8) 1f(z) = 2f(27 )|l < 2'7P0) x|

We claim that

(5.9) If(z) =2 f 27 "a)| < Y 270 P6)||P
i=1
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for any positive integer n. Clearly this is true for the case n = 1 since replacing n by 1 in (5.9) gives
(5.8). We now replace x by 271z in (5.9) and multiply the inequality by 2 to get

n+1
(5.10) I12f(27 ) — 2 f 27 )| < ) 2 PGP
i=2
Adding (5.8) and (5.10) by the triangle inequality yields
n+1 )
(5.11) If (@) =27 p e e < Y0 20

i=1

so that the inductive assumption (5.9) is indeed true for any positive integer n. In fact, we can
deduce from (5.9) that

< Wl

(5.12) If(z) =2"f27"2)| < 55—

since the right-hand side of (5.9) is a geometric series.
Now, if m is a positive integer such that m > n, then m —n € N, and so (5.12) is equivalent to

the following:

- - 20| ||?
1 —2mTnf@nTm < —.
(513) I7@) —2m e < S
If we replace = by 27"z in (5.13) we then get
- g —np 20|||”
n __om—n m np
(514) 7@ ") — 2 e < 27 2D
which when multiplied through by 2" yields
) P
(5.15) 2" F(27") — 27 (2| < 2700 2

Since p > 1, the right-hand side of (5.15) converges to zero as n tends toward infinity for every fixed
x in E7; therefore, the sequence {2" f(27"x)}52 ; is a Cauchy sequence and converges to some point
in Es, because of the completeness of Ey. We call T'(z) the limit of this sequence; that is,

T(z) = lim 2" f(27 "),

n—oo

for all z € F5.
Replacing « and y by 27 "2 and 27"y, respectively, in (5.6) and multiplying the entire inequality
through by 2™ gives

(5.16) 12 f (27" (@ +y)) = 2" (27 %) — 2" F(27"y)]| < 2°C7PO(|l2]|P + [ly]”)
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for each fixed z,y in E;. Taking the limit of both sides of (5.16) as n tends to infinity yields

(5.17) 1T(x+y) —T(x)+T(y)| =0
(5.18) T(x+y)=T(x)+T(y)

so that T is indeed an additive function.
Taking the limit of both sides of (5.12) as n tends to infinity gives the inequality

20|||[”

(5.7) If (@) = T@)ll < 55 —5-

Now, suppose that there exists another additive function ¢ : £y — FEs such that
20|

(5.19) 1F () =t@)ll < Zo—5

for some ¢ > 1. Then

20]=||”  20]|="
+

results from adding (5.7) and (5.19) by the triangle inequality. Now both T and t are additive

functions, so that
(5.21) |IT(2) = t(z)]| = [nT(n""2) — nt(n~'a)|| = nl|T(n" z) — t(n" )],

but this allows us to write

20||n"tx||P 20||n" x|
(5.22) 7(@) — t(a) < n 200 2
or
_p20||z||P _q 20|
_ 1-p 1—gq
(5.23) IT(z) —t(z)|| <n w5 T g

Since both p and ¢ are greater than 1, taking the limit of both sides of (5.23) as n tends to infinity

results in
(5.24) I7() - t(a)| = 0

so that T(x) = t(z) for every & € Ej; therefore, the additive mapping T is the unique additive
mapping satisfying (5.7). O
Making only a minor, obvious change in Theorem 4.2 above also proves that the mapping 7" in

Gajda’s theorem is linear whenever the mapping f(tx) is continuous in ¢ for all ¢ € R.



CHAPTER
SIX

New Results

Since Rassias and Gajda both succeeded in generalizing upon the theorems of D. H. Hyers, one
could ask how much further such generalizations can go. The author along with B. R. Ebanks began
looking at this question by examining the inequality || f(z +v) — f(z) — f(v)|| < G(x,y) with the
idea of determining what assumptions would have to be placed upon the mapping G in order to
guarantee the existence and uniqueness of an additive mapping 7" which f would approximate. In
the late 1940s and early 1950s, D. G. Bourgin also worked with approximate homomorphisms and
approximate isometries as had Ulam and Hyers (cf. [3]). Bourgin appears to have been the first to
examine the general inequality || f(z +y) — f(z) — f(y)|| < G(z,y). Unfortunately, it appears that
no proof of Bourgin’s results with this inequality has ever been published.

At first, we deduced one theorem involving the above inequality which was a quite natural
extension of Hyers’ Theorem (Theorem 3.1); however, it only included Rassias’ inequality (given
in Theorem 4.1) for the case of p < 0. B. Ebanks modified our inductive hypothesis so that our
theorem was able to completely subsume the theorems of Hyers, Rassias, and Gajda. Our former
theorem was retained as a corollary of this newer modified one. We give our new theorems and their
corollaries here.

Theorem 6.1 Let Ey be a linear space and Eo be a Banach space. Let f : By — Ey and G :
E; x Ey — [0,00) be mappings which together satisfy the inequality

(6.1) Iz +y) = f(2) = fy)ll < Glz,y)

for all x,y € Ey1. Also, suppose G satisfies the following conditions for all x,y in Ey:

(i) SN G(2ix, 2iw) - 27171 — 0 as m,n — oo, and
(ii) lim,, o 27 "G (2"x,2"y) = 0.

20
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Then the formula T'(x) = lim, o 27" f(2"x) defines an additive mapping T : E1 — E5 such that
(6.2) 1T ( z)| < ZG g, 20 - 27

Furthermore, if 27" % 02 G(214 "2, 204" x) - 27 converges to zero as n tends toward infinity, then T

is the unique such additive mapping.
PROOF. Replacing y by z in (6.1) gives
(6.3) 1f(2z) = 2f(2)]| < G(z, x).

Next, we prove that

n—1

(64) If@") — 2" f(2)] < Y- G2, 2'a) - 2n 7

=0

for any positive integer n. Clearly (6.4) is true for the case n = 1, since setting n =1 in (6.4) gives

(6.3). Now, replacing « by 2"« in (6.3) gives the following:

(6.5) |F@+a) — 2/ @"0)]| < G(2"2,2"3).
Then we multiply (6.4) by 2 to get

(6.6) 12f(2"2) — 2" f(2)]| < D G2, 2'x) - 2",
Adding (6.5) and (6.6) by the triangle inequality yields

(6.7) [ F(2" 1 z) — 2+ f () ||<ZG 2, 2lx) - 2"

so that the inductive assumption (6.4) is indeed true for all positive integers.

We now wish to construct a Cauchy sequence of function values. First, we multiply (6.4) by 27"

to get
n—1

(6.8) l27" f(2") — f@)] < 3 G2, 2'x) - 27
i=0

If m > n >0, then m —n € N. Replacing n by m —n in (6.8) gives

m—n—1

(6.9) Jmpem ) — @) < S G %) 2,

=0
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Then we replace x by 2"z in (6.9) to get

m-—n—1
(6.10) HQn_mf(QmCL') _ f(2nx)|| < Z G(21‘+n$7 2i+nm) L9—i=1
=0
Dividing (6.10) by 2" yields
m—n—1
(6.11) [27mf@ma) =27 f@ )l < Y G, 2 ) 27T
=0

Now, by replacing i by ¢ — n, it is clear that
m—n—1 m—1
Z G(2Z+n$, 21+n1,) Lgmn—i—1 _ Z G(211L'7 sz) . 27171,
i=0 i=n
which by supposition (i) converges to zero as m and n tend to infinity. Thus (6.11) shows that the
sequence {27"f(2"x)}52, is a Cauchy sequence for each fixed « € E;. Since Es is a Banach space,
then this sequence converges for each fixed x in F; to some limit in Es. We call this limit T'(x).
Next, it is demonstrated that T'(z) = lim,,_ o, 27" f(2"x) defines an additive function. Replacing
z and y by 2"z and 2"y, respectively, in (6.1) and multiplying the inequality through by 27" yields

(6.12) J27F (2" (@ + ) — 27" F(2") — 27" F(2")| < 2G(2", 2).

By supposition (ii), the right-hand side of (6.12) goes to zero as n tends to infinity, so that taking
the limit of (6.12) as n tends to infinity yields

(6.13) IT(x+y) =T(x) - T(y)| =0
(6.14) Txz+y) =T(x)+T(y).

Hence T is indeed an additive function.
From (6.8) we get

n—1
(6.15) lim 27" f(2"2) — f(2)] < lim > G2, 2w) 27!
=0
or
(6.2) IT(2) = f(2)] < G(2'w,2') - 277,
1=0

Since Z?Zzl G(2iz,2'x) - 2771 — 0 as m,n — oo (by supposition (i)), the right-hand side of (6.2)

converges.
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Suppose that there exists another additive mapping ¢ : £1 — FEs such that
(6.16) [t(z) = f(2)] <> G2, 2)- 277
i=0

Then (6.2) and (6.16) yield

|17 () = t(z)]|

1277 (2"2) — 27" (2" ) || = 27" T(2"x) — ¢(2"2)|

oo
(6.17) < 27y G2 ) 2!
i=0

by the triangle inequality. If the right-hand side of (6.17) converges to zero as n tends to infinity,
then one gets that lim, o ||7(x) —t(z)|| = 0 or T'(z) = t(x) for all z in Fy, so that T is the unique
additive mapping satisfying (6.2). O

Rassias’ majorizing function 6(||z||” + |ly||?) given in (4.1) satisfies all three conditions for the
mapping G as stated in Theorem 6.1; therefore, Theorem 4.1 follows as a corollary of Theorem
6.1. We make a note here that the linearity of the additive mapping T follows from the additional
condition in Rassias’ Theorem 4.2, which applies directly to our problem since we have defined the
mapping T = lim,, o, 27" f(2"x) in the same manner as did Rassias.

With the above theorem established, we can now verify a corollary which follows immediately.
This corollary was originally proved as a separate theorem and as such was the starting point for
our attempts to generalize upon the work of Hyers, Rassias, and Gajda. It can be verified by the

reader that the following corollary contains Rassias’ theorem (Theorem 4.1) for the case of p < 0.

Corollary 6.2 Let Ey be a linear space and Ey be a Banach space. Let f : Fy — FEy and G :
Ey x Ey — [0,00) be mappings which together satisfy inequality (6.1) for all x and y in Ey. Also,

suppose G satisfies the additional conditions:

(i) G(2z,2z) < G(z,2),
(ii) limy, oo 27 "G(2"x,2"y) =0,  Va,y € Ey.

Then there exists a unique additive mapping T : E1 — Es satisfying (6.2).

Since G(2z,2z) < G(x,x), then it follows immediately that

m—1 oo
> G@w,2x) 27! and 27" Gz, 27z) .27
i=n i=0
both converge to zero as m and n tend to infinity. Also, condition (ii) of this corollary is identical
to condition (ii) of Theorem 6.1. All conditions imposed upon G by the above theorem are satisfied
so that the result of the theorem establishes the corollary.
The above theorem and corollary are analogous to Theorem 4.1. Now, we use a method in-
troduced by Gajda in [8] to prove the analogue of Theorem 5.2, where the additive mapping T is
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defined by T'(z) = lim,, .00 2" f(27™x). In order to do this the inductive assumption of the previous
theorem has to be modified. We shall set up our induction in the fashion used by Gajda. Again, we
let f and G satisfy

(6.1) If(z+y) = fl@) = fWll < Gla,y).
Replacing y by  in (6.1) gives

(6.18) 1f(22) = 2f(2)]| < G(z, 2).
Next, we replace by £ in (6.18) to get

o s () < (52).

Again replacing by  in (6.19) gives

oan G- G <0 (3:2)

Continuing in this fashion and adding appropriate multiples of each of these inequalities by the

triangle inequality, we arrive at the following:

If(x)=2"f2 ") < |f(z)—2f@ 'z)|+2f(27 2) —2f (2 %) +--- +
(6.21) + 27| f27m ) — 2 (27 )|

Now, the right-hand side of (6.21) is bounded above by
(6.22) G2z, 272) + -+ 2" LG (2 ", Z (27, 27 ) - 207
so that (6.21) implies

(6.23) | f(x) — 2" f(2 " Z (27 %z, 2 ) - 2071

With this observation, we are now ready to prove the following theorem.

Theorem 6.3 Let Ey be a linear space and Fo be a Banach space. Let f : E1 — Ey and G :
E; x E1 — [0,00) be mappings which together satisfy the inequality

(6.1) 1f(z+y) = flz) = W)l < Glz,y)

for all x,y € Ey. Also, suppose that G satisfies the following conditions for all x,y € Ex:

(i) o1 G2 M, 270) - 271 — 0 as m,n — oo, and
(ii) limy, .o 2"G/(2~"2, 2 "y) = 0.
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Then, the formula T(x) = lim, o 2" f(27"x) defines an additive mapping T : E1 — FE5 such that
(6.24) IT(x) = fx)] <Y G, 27'x) - 27
i=1

Moreover, if 2% 22, G ip, 27" g) . 2 — 0 as n — oo, then T is the unique such additive
mapping.

PROOF. Replacing y by z in (6.1) gives
(6.25) 1f(22) = 2f(2)]| < G(z, x).
Now replacing = by 271z in (6.25) yields
(6.26) If(x) —2f(2 " 2)|| < G2 2,27 a)

We now claim that
(6.27) | f(x) — 2" f(2 "z Z (27 %%, 2 ) - 21

for all positive integers n. Clearly it is true for the case n = 1 since setting n equal to 1 in (6.27)
gives (6.26). Replacing x by 271z in (6.27) and multiplying the inequality through by 2 yields

n

(6.28) [2f(2 ) —2n i f(27 "t Z (277 g, 27 ) - 2,

Adding (6.26) and (6.28) by the triangle inequality gives

n+1
(6.29) If(x) = 2" f" )| < Y GER e, 27 ) 2!

i=1

so that the inductive assumption (6.27) is true for all positive integers.
If m € N such that m > n > 0, then m —n € N so that n can be replaced by m —n in (6.27) to
yield the following inequality:

(6.30) | f(x) —2m—" f(2" ™y Z (272,27 ) - 2071,
Now, when we replace 2 by 27"z in (6.30) and then multiply the inequality through by 2", we get

(6:31) 2" f(2") — 2@ < 3 G 2 ) 2
i=1
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Replacing ¢ +n by 4 in (6.31) then gives
(6.32) 2" f(27 ") —2m M) < Y G2 e 27 ) 2
1=n+1
By supposition (i), the right-hand side of (6.32) converges to zero as m and n both tend to infinity.
This implies that the sequence {2" f(27"z)}52; is a Cauchy sequence. Since E» is a Banach space,
then this sequence has a limit in Ey for each fixed x € Ey. We call this limit T'(z).
We now shall show that T" as defined above is an additive mapping. Replacing x and y by 2~

"x

and 27"y, respectively, in (6.1) and multiplying the entire inequality by 2™ yields
(6.3 2°F (27w + ) - 2 (2") - 2 f2 )| < 2GR, 2"y,

Taking the limit of (6.33) as n tends toward infinity, we obtain

(6.34) 1T(x+y) —T(x)—T(y)| =0
(6.35) T(x+y)=T(z)+T(y)

since by supposition (ii) the sequence {2"G(27"x,27"y)}°; converges to zero. Thus, it is estab-
lished that T is additive.
Now, it is demonstrated that under an additional hypothesis T is the unique such additive

mapping. Taking the limit of (6.27) as n tends toward infinity gives

(6.24) If(z) = T()| <Y G, 2 %) - 27

i=1

Suppose that there exists another additive mapping ¢t : F; — E5 such that

(6.36) If(z) —t(z)]| <> G2z, 27x) - 2

i=1
Now, replacing z by 27"« in (6.24) and (6.36), multiplying both inequalities by 2", and then adding
them by the triangle inequality yields

oo
(6.37) |IT(z) = t(z)]| = 2" T2 "x) —t2 "2)|| < 2" G2 2,27 'z) - 2.
i=1
By supposition, the right-hand side of (6.37) goes to zero as n tends toward infinity; therefore, the
additive mapping 7' is the unique additive mapping satisfying (6.24). O
As with Theorem 6.1, the linearity of the mapping 7" can again be handled by Rassias’ Theorem
4.2 with the modifications required because of the alternative definition for the mapping T

A theorem proved by Hyers and Rassias in [11] follows as a corollary of the above two theorems.
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Corollary 6.4 Let G(s,t) be nonnegative for all nonnegative real numbers s and t and positive
homogeneous of degree p where p is real and p # 1; i.e., G(As, A\t) = APG(s,t) for A > 0. Let Fy be
a linear space and Es be a Banach space. Also let f : E1 — FEo satisfy the inequality

(6.38) 1z +y) = f(2) = fWIl < G, lyll)

for all x,y € FEy. Then there exists a unique additive mapping T : E1 — FE5 satisfying the inequality

G(L, 1) e
(6.39) 1) = Ta))| < T35

forallx € Fy.

The above corollary follows since the homogeneity of G guarantees the convergence of the two
series and the sequence given in the conditions of Theorem 6.1 and Theorem 6.3. We note also that
(6.39) is precisely the result predicted by Theorem 6.1 for p < 1 or by Theorem 6.3 for p > 1. In
the case of Theorem 6.1, (6.2) gives the distance between f and T as

IT(@) = fl@)] <) G(2'z,2%) - 271,
=0

Now, since G is positive homogeneous of degree p # 1, then the right-hand side of the above equation

becomes

e . . ) 1 Sl

7 i Lo—i—1 _ p i(p—1)
> G2 27 = a6, 1) Y2,
1=0 1=0
_2
2—27
The case for Theorem 6.3 is nearly identical; however, one must take care to note the difference in

but this latter sum converges to so that the result of the above corollary follows immediately.
the limits of the infinite series in Theorems 6.1 and 6.3. In Theorem 6.1 we are summing from zero
to infinity, but in Theorem 6.3 we are summing from 1 to infinity (cf. [7] for a summary on limits
of geometric series).

Because of the more general nature of our Theorems 6.1 and 6.3, we can extend this corollary of

Hyers and Rassias a little further into the following more general corollary.

Corollary 6.5 Let G(s,t) be nonnegative for all s and t in some vector space Ey. If G is positive
homogeneous of degree p for p # 1 (i.e., if G(As,At) = NG(s,t)), and if f : By — E and
G: Ey x By — [0,00) together satisfy the inequality

(6.1) [f(z+y) = f@) = fWl < Gz,y)
then there exists a unique additive mapping T : E1 — Fo such that
G(1, 1)
. — < —"
(6.39) 1) =~ T@)) < “5 =50

forall x € Ej.
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So far, we have managed to pull into two theorems (Theorems 6.1 and 6.3) a great deal of work
accumulated over fifty years of research into this particular question of stability. Naturally, there
are numerous other questions which could be asked about the stability of this particular equation
but which are not answered here. For example, Gajda, Ratz, and others have examined the question
of the stability of the Cauchy equation between two semi-groups. According to D. Cenzer (cf. [5]),
S. Ulam has mentioned that the problem for this particular functional equation remained open for
compact metric groups; however, new results have been found in this area by Cenzer, de la Harpe,

and Karoubi.
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The Case of p =1 in Rassias’ Inequality

Notice in Theorems 4.1 and 5.2 that the infinite sums involved were convergent if p < 1 (as in
Theorem 4.1) or if p > 1 (as in Theorem 5.2). Even when we note the fact that Theorems 4.1 and
5.2 follow as corollaries of Theorems 6.1 and 6.3, respectively, we find that we could not guarantee
the convergence of the infinite sums involved in our inequalities for the case of p = 1. In Rassias’ and
Gajda’s theorems, letting p = 1 does not provide a strong enough bound on the Cauchy difference
to guarantee the existence of an additive mapping 7" which our function f should approximate.

As Gajda has pointed out in [8], the case of p = 1 in Rassias’ inequality (4.1) has not been covered
by either Rassias or himself. This was not merely coincidental or the result of some oversight. Rather
it was because neither Rassias’ or Gajda’s theorems could be extended to include this case. Note
that in Theorems 4.1 and 5.2 we can replace the term % by a constant ¢, for any fixed value of
p # 1. We could then write (4.2) as

(7.1) [f(2) = T(2)|| < dpll]|”

for any value of p except p = 1. For the case of p = 1, is it possible to find a constant ¢ and an
additive mapping T such that (7.1) is true? Gajda provided an irrefutable counterexample which
shows that there is a function f which satisfies the conditions of Theorems 4.1 and 5.2 for p = 1, but
that there is no additive mapping T" and no constant 0 such that (7.1) is true. For a counterexample,
Gajda constructed a function f : R — R such that

(7.2) [f(@+y) = f(z) = f(y)] < 0|+ |y[)

for all z,y € R and for every § € R. Were Theorem 4.1 applicable to this case, we would then expect
the result that there existed some additive mapping 7' : R — R and some constant § > 0 such that

(7.3) |f(z) = T(x)| < ol

29
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for every real z. We demonstrate that this could not be the case by reproducing here Gajda’s
counterexample. We choose some § > 0 and then set u = g. Now, define a function ¢ : R — R by
the following:

pw o for  xz€[l,00)
(7.4) dpx)=< pxr for xze(-1,1)
—pu  for =z € (c0,—1]

Now, the function ¢ is continuous and |¢(x)| < u for all real z. A function f : R — R is now defined
by

(7.5) flx) =7 27"¢(2"x)
n=0

for all x € R. Note that 27"¢(2"z) < 27"y for all 2 € R and for any positive integer n, and clearly
the series Y2 27" converges to 2u. Therefore, by the Weierstrass M-Test [9], the right-hand side
of (7.5) is a uniformly convergent series of continous functions. The function f defined above is then

itself continuous. Also, we notice that

(7.6) [f(@)| <D 27 u
n=0

so that

(7.7) |f(@)] < 2u

for all z € R.

Now, it is shown that the function f defined in (7.5) satisfies (7.2). First, we note that f(0) =
so that if z = y = 0 then (7.2) is certainly fulfilled. Next, we assume that 0 < |z| + |y| < 1. Then
there exists a positive integer m such that

1
(7.8) o S+l <

am om—1 !

Therefore, |21z + 2™ 1y| < 1 so that [2m7z| < 1, 2™~ 1y| < 1, and |27 (@ +y)| < 2" (|2 +

ly|) < 1. For every positive integer n € {0,1,...,m — 1} each of 2"z, 2"y, and 2"(z + y) remain in

the interval (—1, 1), over which the function ¢ is linear; therefore, it is true that
(7.9) ¢ (2"(z +y)) — o(2"z) — (2"y) = 0
for all integers n between 0 and m — 1, inclusive. From (7.9) and (7.5) we get

16(2(a + 3)) — B(2"c) — 6(2(x + ) — 9(272) — $(2)|
(7.10) Z 20 (] + o)) Z 21 (] + o) '
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Because |¢(x)] < w for all z € R, we then have that |¢ (2" (z +y)) — ¢(2"z) — $(2"y)| < 3u. Now
we know that

=16 (2" (@ + 1) — 6(2") — 6(2"y)| !
(7.11) 7; 2"(‘$| + |y|) = SMnZZmW’

but by (7.8) 1 < 2™(|x| + |y|). This implies then that the right-hand side of (7.11) converges to
something less than 6p = 6. From this, we then have

12) faty 1@ -fwl _,
2T+ 1yl

so that the function f as defined by (7.5) does indeed satisfy (7.2) for 0 < |z| + |y| < 1.
For the case of |z|+ |y| > 1, the mapping f defined by (7.5) also satisfies (7.2). By (7.5), we can

write
flx+y) — fl@)—fly)l=
(7.13) = D2 @ +y) - > 2762 ) - > 27"6(2"y)|.
n=0 n=0

n=0

For all z € R, we have that |¢(x)| < u, so that the right-hand side of (7.13) is less than or equal to
3 0 527", which converges to 6u. Above we had chosen p = g, so that we can now write

(7.14) [f(z+y) = flx) = Fly)l <0,

which implies

(7.15) [f (@ +y) = f(z) = f(y)] < 0|+ |y[)

since || + |y| > 1, and 0 < 6(|z| + |y])-

Now, suppose that there exists a real number § > 0 and an additive mapping 7' : R — R such
that (7.3) is true. Because of the continuity of f, it follows that T" is bounded on some open interval
containing zero. As we discussed earlier in this paper, Darboux proved that, if T" is a solution of

Cauchy’s equation, and T is bounded on any open interval, then T is of the form
(7.16) T(z) =cx

for all real z and some real number c. Substituting (7.16) into (7.3) gives

(7.17) |f(x) — cx| < 6lz|

for all z € R. Now, (7.17) implies that

(7.18) ‘@ <5+
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for all x € R.
There is, however, an integer m large enough that myu > § + |¢|. Now, if z € (O7 W%l), then
2"z € (0,1) for each integer n € {0,1,...,m — 1}. Then, for such a value z, we have
flz) R 9(2ha) s p2ta
7.19 — > = = >0 .
(7:19) r 7;0 2nx = 2"z i + el

But this contradicts (7.18); therefore, Theorems 4.1 or 5.2 do not extend to the case p = 1.

We note also that Rassias’ majorizing function given in (5.6) for the case p = 1 does not fit the
complete set of conditions of either Theorem 6.1 or Theorem 6.3; therefore, we cannot guarantee
the existence of an additive mapping 7" approximated by a function f even when inequality (6.1) is
satisfied.



CHAPTER
EIGHT

Some Further Observations

The usefulness of our two new theorems lies in the fact that they do not depend upon the homogeneity

of the function G(z,y) which majorizes the Cauchy norm in the inequality

(6.1) [f(@+y) = flz) = W)l < G(z,y).

We can find functions G which are not homogeneous but which satisfy the conditions of either
Theorem 6.1 or Theorem 6.3. One such function is used in the following inequality:

(8.1) If(@+y) = f(z) = F)] < (Ja| + [yl)2e=IH]

where the mappings f : R — R and G : R x R — [0, 00), defined by G(z,y) = (|z| + |y|)2el*I+ ¥,
satisfy (8.1) for all z,y € R. It is easily verified that the mapping G as defined above satisfies all
three conditions given in Theorem 6.3; however, GG is not a homogeneous function. The mapping G
in this example is also unbounded so that the above inequality does not fit the criterion of Hyers’
theorem, but it does lie “close” to the additive mapping 7" defined in Theorem 6.3.

We can also give another function G : R x R — [0, 00) which is not homogeneous and which is
not bounded but which satisfies the conditions of Theorem 6.1 and, therefore, lies “close” to some

additive mapping. Take the mapping G defined by

| sin z| if 0.0
32) Glay) = { Fewr 0200
0, if (z,y) = (0,0)
which would give us the inequality
| sin x|
(8.3) |f(z+y) = flx) = fy)] T T

when (z,y) # (0,0). Theorem 6.1 guarantees the existence of an additive mapping 7" : R — R which
would be approximated by any mapping f : R — R which satisfies inequality (8.3).
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Since D. Hyers presented his solution to Ulam’s question of the stability of Cauchy’s fundamental
functional equation in 1941, we have seen several new ideas in how to define stability. We have
progressed from requiring the boundedness of the norm of the Cauchy difference to requiring that
the Cauchy norm be majorizable by a particular homogeneous function. Now, we have managed
to require only that the Cauchy norm be majorizable by any function (homogeneous or not) which
satisfies either of two sets of three conditions. Admittedly, the three conditions in the statements

of Theorems 6.1 and 6.3 are not aesthetically “nice,”

nor perhaps are they always easy to verify for
some majorizing functions.

The author must of course ask now how one might go about generalizing upon the new results
obtained here. Perhaps this could be done by looking at the above theorems in more general spaces.
We have worked here entirely in normed linear spaces, but there are certainly more general spaces

for which one might also obtain positive results in this particular problem of stability.
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