Problem Set IV: CHEMS321: Physical Chemistry II*

Prof. Kevin Range
Spring 2007

1. [40 points| Proof of the variational principle

Postulate VI reads, “The set of eigenfunctions for a physical observable form a com-
plete set.” This means we can write any other function as a linear combination of
eigenfunctions of some operator. We can use this fact to prove the variational princi-

ple.

Hip, = Enib, and we are looking for the ground state solution, o, with energy E.
We can write the trial wavefunction, ¢, as a linear combination of ¢,,’s (never mind we
don’t know what vy is, let alone all of the other v,,’s):

¢ = ch¢n (1)

where ¢,, are the coefficients of the linear combination.

A consequence of the eigenfunctions being a complete set is that the are orthogonal to
each other. As a rule, we tend to normalize them also, making the v,, orthonormal
(i.e., orthogonal and normalized):

/ bi; AT = b (2)
(a) [15 points|] Show that:

= [iodr 3)

Since we do not know the 1, from which we are constructing ¢, Eq. 1 is known as a
formal expansion. Substituting this formal expansion into the definition of E, gives:

[ o*Hpdr
E kel 4
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Ey S o (5)

*Adapted from McQuarie and Simon, Physical Chemistry: A Molecular Approach



(b) [10 points] Show that substituting Eq. 1 into Eq. 4 yields Eq. 5

(c) [15 points] Add and subtract Ejy, the ground state energy (i.e., lowest energy),
from each term to give:
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don Czcn<En - EO)
Ey—E, = ST (7)

Prove that every term on the right-hand-side of Eq. 7 is positive, and therefore

E, > Ey.
2. [30 points] A three-dimensional, spherically symmetric, isotropic harmonic oscillator
experiences a potential, V(r) = %kT’Q. The Hamiltonian operator for this system is:
oA (A L (8)
— — JR— re— —kr
2ur? dr dr 2

Physically this system is kind of like a particle of mass p on a spring with force constant
k with one end fixed at the origin, but free to rotate...

(a) [10 points] Apply the variational principle to this system, with ¢ = e and «
as your variational parameter to estimate the ground state energy of this system.
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(b) [10 points] Apply the variational principle to this system, with ¢ = e™*" and « as
your variational parameter to estimate the ground state energy of this system.

(c) [10 points] E§<** = 3hu. Which ¢ gave you a better estimate of E§**. Why?

3. [30 points] For each system below, identify HO, HO, O and E© and then use
perturbation theory to calculate the first order correction to the ground state energy.
5 points for identification, 5 points for the first order correction, for each system.

(a) A one-dimensional anharmonic oscillator with

1 1 1
V(z) = zka* + Zvya® + 2716:1:4 (9)
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(b) A one-dimensional particle in a stepped box.
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(¢) A hydrogen atom in an electric field of strength, £
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