The Shrinking Of A Uniformly Convex Curve

To A Point Under The Curve Shortening Flow

And Its Longterm Behavior: A Discussion Of
The Gage-Hamilton Theorem

Richard Mikula

INTRODUCTION:

In this paper we consider the flow generated by the following differential
equation, where 7, is a convex closed curve embedded in R?%:

@ = kn
ot
(P,0) = 7(p) (1)

where we assume p € [0, P] and t € [0,T) for some T > 0.

Here, k denotes the curvature of 7, 77 is the inward unit normal to v and t
is the unit tangent to . Also, we assume that 7, is parameterized in the
usual (counterclockwise) way.

For the sake of simplicity we assume that 7, is uniformly convex, and this is
equivalent to assuming kg, the curvature of -, is positive.

What we intend to prove is that under such assumptions on 7y, the solution
v is uniformly convex, shrinks to a point in finite time, and after
normalizing the inclosed area to equal m, we have v converges to the unit
circle.

AN OUTLINE OF THE PAPER:



First we will establish a parabolic model to show existence and regularity of
solutions to (1) for small time, assuming sufficient regularity of our initial
data. Assuming we have a C? solution to (1) for small time, we then will get
that |k| < C for some constant C. Moreover, it also follows that &(-,¢) > 0
for small time t, because infk(-,0) > 0. Then we will show that 0 < £ < C
for small time implies that 7(-,¢) remains embedded, assuming -y, is
embedded. This then allows us to parameterize v(-,t) by 6. Once again,
assuming the existence and regularity (C* at least) of a solution to (1), one
then can show that the curvature satisfies the equation k, = k?kgy + k3,
where here 0, is the partial with respect to time, holding 6 fixed. Solutions
of this PDE have the property that k(-,0) > 0 = k remains positive. We
then define h the support function of v. We then establish that we can
recover vy from h, and that h satisfies a parabolic PDE. This then gives us
uniqueness of solutions to (1). We then give a representation of 7 in terms
of k. Lastly, we establish that our solution shrinks to a round point in finite
time. We do this by first showing the enclosed area A(t) of (-, ) must tend
to zero in finite time, namely at %?). Then we examine the rescaled
problem so that the enclosed area is always 7, and establish that the
solution of this normalized problem tends to the unit circle in finite time.

RELATION BETWEEN HEAT EQUATION AND (1):

Let s = s(t) be an arc-length element of +(-,¢), i.e. |7s| = 1. Then by the

Frenet formulas (£, = |7,|k7 and 7, = —|7,|kt), assuming 7 satisfies (1), we

obtain that % = %. This is a nonlinear parabolic second order system of
1 92 1

. P o
2 equations (because v € R?). Namely, 31 = W o~ TR op < Yewr Vo >

A PARABOLIC MODEL FOR (1):

Suppose that y(p, t) is a solution to (1), with p € [0, P] as our parameter.
Note that any curve J(p,t) := v(¢(p),t) with ¢, > 0 is also a solution to

(1). This is true since %(p, t) = (¢(p),t) = k(p(p), t)ii(¢(p),t) = (since k

is parameter invariant as one can easily check) k(p, t)n(p,t).

For this discussion we will use p € S! is our parameter, and we will assume



that ¢ is the arclength parameter for our initial curve ~y.

For the following discussion we will assume that our initial curve I' := q is
smooth. We then want to obtain a single parabolic equation from (1)
(which is inherently a parabolic system) by viewing -y as a graph over T'.
Lastly, without loss of generality, we will assume our curve I' has length 27.

For all ¢ fixed, let ¢(-,t) : S' — S! be a smooth diffeomorphism (still to be
determined). Also we will require ¢,(+,t) > 0 for each ¢ fixed. We will use
the notation p = p(g, t) = (g, t), and we write v(p,t) = I'(q) + d(q, t)N(q).
Here N is the inward unit normal of T Also, we let K denote the curvature
of T'. Taking a derivative of (p,t) with respect to ¢ we get:

Ya(p )e(a,) = (1 — d(g,8) K (q))Tq(q) + dg(q,t)N(q).

Taking another derivative with respect to ¢ we then get:
Vaq(P; t)wg(‘b t) + Ya(p, 1) ¥gqe(q, 1) =
{K(q) — d(q,t)K*(q) + daq(a, 1)} N (a) — {2d,(g, 1) K () + d(g, ) Kq(q)}T4(a)-

We then get (using the notation I', = T = (T, T)):
Ya(p,t) = A1 = dK)Tq + dgN} (g =
— _ _ 2 d2
(1 dKTl - i—ZT% ;z_le +1 dKT2)|(q,t)a and |’Yq(p= t)|2 = {(1 Igd) + w_‘éH(q,t)-

Yq g ¥g
Also,
K—K2d+d dg 13 2dy K+dK, 1-Kd
Yaa(P,t) = {{ 1/)3+ = w(ggq]N —[* 1/%— i wqq(q/,g )]Fq}|(q,t) =

(AN — BT\)|(qs) = (—=BTi — ATy, AT, — BT})| (4.

— d d —
ATy —BTy)(L ¢f1(dT1—¢—ZT2)+(BT1+AT2)(ﬁT1+1 ¢de2)

(1-Kd)2+d2)?
_ (1=Kd)(K(1= Kd)+dgq)+dq (2dg K+dKy)
(1-Kd)2+d2)2

Therefore, k(p,t) = 1/’2(

VR(A(=Kd)+Bdy)
((17Kd)2+dg)%

(at) =

qt (g:t)-

Now, 7(p,t) = 7(1(g, 1), t) = T'(q) + d(q, ) N(g). Thus,
Ya(¥(q, 1), )vu(a,t) + 7(¥(a, 1), 1) = 74(p, O)he(q, t) + k(p, t)ii(p, t) =

di(q, t)]\7 (g). Writing out what the left hand side is in terms of our above
calculations we then get:



di(g, )N (q) = {{(1 — Kd)Ty + d, N} 2 +
(1—Kd)(K(1— Kd)—l—dqq)—l—dq(quK-I—qu 1-Kd \ dg
Ve AR

(1-Kd)2+d2)? Kd)? +dgN T J(—Kd2+ qF

Because the I'; component of the right hand side of the above equation
must be zero, we then get:
_‘Tb_t | kdq

(1 Kd)\/(1-Kd)>+dZ
(g, t)

Also, comparing the N components we see:

k(1—Kd)
di(q,t) = {quj—; m} (g;t)
_ (di2(1-Kd)(K—K?2d+d.q)+d3(2d, K+dKg)
- { (1-Kd)((1-Kd)2+d2)? +
(1—Kd)2(K—K2d+dqq)+dq(1—Kd)(2qu+qu)}|
(1-Kd)2+d2)?

dg(1-Kd)(K—K?d+dgq)+d2(2dg K+dK,) .
(e:t) = (1-Kd)((1-Kd)>+d2)? la.t)

Rewriting the right hand side we get the following:

dyq N K(1 - Kd)? + d,(2d,K + dK,)
(1 - Kd)?+ d? (1-Kd)((1 - Kd)?+d?)
di=o = 0 (2)

dt:

This is quasilinear and strictly parabolic as long as (1 — Kd)* 4 d; > 0. We
can invoke the standard theory of 2rd order quasilinear parabolic equations
(see [6] for instance) to establish existence and regularity of d for small
time. Moreover, we then get |k| is bounded and &k > 0 for small time, a fact
which is needed to prove that v remains embedded, assuming I' = 7y, is
embedded and ky = k(-,0) > 0.

However, to actually use this to establish a short term existence and
regularity of a solution to (1), we also need to solve the following PDE for a
smooth diffeomorphism 9 (-, ¢) : S* — S* with v,(-,¢) > 0 for each ¢ fixed.

wt(Qa t) = wq(Qa t)f(q, t)
¥(g,0) = ¢
by > 0 (3)



Thus we get the existence of a solution 7 for small time ¢, moreover this
solution remains closed and inherents regularity from d.

THE ISSUE OF REPARAMETERIZING (-, t):

Consider
dy
ot
where £ is the unit tangent, 6 the angle such that the unit tangent vector ¢
= (cosf,sinf) and G is a smooth function 27-periodic in 6.

= kil + G(v, 0, k)t (4)

Claim: If v is a solution of (4) which is in C*°, then 3¢ with
é(-,t) : [0, P] — [0, P] a C! diffeomorphism for each ¢ fixed , which also
satisfios gy > 0, §(p, 0) = p and 3(p,) = 7(6(p. 1),1) solves (1),

Proof: 5 (p,1) = 5 (¢(p,1),1) + 5L(6(p, 1), 1) 57 (0, 1)
= k(o(p t) )i(6(p,t),1) + G(r(6(p, 1), 1), 0(v(6(p, 1), 1)), k(6(p, ), )T +
5 (0,00, 1), ).

But then, all we need is ‘?)—‘f(p, t) =
~[7p((p, 1), )| LG (Y(B(p, 1), 1), O(v(6(p, 1), 1)), k((p, t), ). This is an

O.D.E. where p is a parameter. From the smooth dependence on a
parameter for solutions of O.D.E.’s we can deduce the existence of a

solution satisfying our desired properties.
Q.E.D.

Thus, the geometry of (4) depends only on its normal velocity &, while the
tangent velocity merely alters the parameterization of the flow.

PRESERVING EMBEDEDNESS:

Lemma: Let f: [0, P] x [0,P] x [0,T) = R,
f(p1,p2,t) == |v(p1,t) — ¥(p2, t)|2. Then % f + — 4, where s; and s
are arclength elements with respect to the varlables p1 and Pa-



note: The idea is to show that the function f is positive, provided f|;—o > 0.

Proof: f(plap2’t) =< ,Y(plat) - ,Y(pZ’t)afY(plat) - ’Y(ant) >.

Therefore, %/:—(pl,pg,t) =
26< ’Y(pla t) - fY(an t)a k(pla t)ﬁ(pla t) - k(p?a t_)’ﬁ(pZ’ t) >a
3_£(p1ap2:t) =2< ’Y(plat) - f)/(pQ;t)’ _1)Z71t(piat) >,
2
%(plap%t)
=2+2< 7(p17t) - 7(p27t)5 (_1)1_1k(p17t)ﬁ(plﬂt) >,

fori=1,2.
Q.E.D.
o) 1 [e) 82 1 62 <'7p-p-,’)’p-> 0
note: -— = - and = = L iPq iz O
Ds; I7p; | Opi ds? [7p; |1 0p3 ;1% Opi

Lemma: Let f,g:[0,L] — R? be curves parameterized by arc-length. Let
A, B be the endpoints of ¢ and C, D the endpoints of f. Assume that ¢
along with AB is the boundary of a convex set, f, g have continuous
tangents and piecewise continuous curvatures, and that the curve g is
transversed in the counterclockwise sense so that its curvature is positive.
Lastly assume k, > |ks|. Then d(A, B) < d(C, D).

Proof: Orient our curves so that AB and CD lie on the z-axis. We use the
arclength elements for both curves as our parameter.

Let 6,(s) be the angle the tangent line of g at s makes with the z-axis, and
let 04(s) be the angle the tangent line of f at s makes with the z-axis.

Since kg > 0, 3 exactly one point so so that the tangent line of g at s is
parallel to the z-axis (i.e. §, =0).

9 d9
T = ke = ksl = [F (5)-

Below we use the notation f = (fi, fo), # = (—cosfy,siné;), g = (g1, go)
and #9 = (— cosf,,sin f,).

Thus, after integration of both sides of (x) we get |6;(s) — 07(s0)| < [04(s)],



and |0,(s)| < 7 since g is convex.

Therefore, d(C, D)

f1(0) = (L)

cos 0p(s0) (f1(0) — f1(L))

cos 0¢(s0)(f1(0) — f1(L)) + sin O (s0) (f2(L) — f2(0))
= (by the fund. thm. of calc.)

cos(B(s0) I =2 s (5)ds + sin(0y(s0) [ & Fals)ds
= cos0f(so) [ cos O (s)ds + sin 0 (so) fy sin O(s)ds
= Jo cos(05(s) — 0s(s0))ds

= Jy' cos [0;(s) — O (s0)|ds

> [Fcos|0,(s)|ds

= [ cosb,(s)ds

= (by the fund. thm. of calc.) [ —Zgi(s)ds

= 91(0) — g1 (L)

= d(4, B).

Q.E.D.

vl

Corollary: k| < K = f(p1,p2,t) > (%sin(%s(pl,pg,t))Q, where
5(p1, p2,t) = | 37 (. ) |dp).

Proof: Using the notation of the above lemma, we let f be the portion of
v(+,t) between 7(p1,t) and 7(po,t) (so not to be confused with f(p1, o, ),
we will always use |y(p1,t) — v(po,t)|* instead of f(pi,ps,t) in this proof);
let L = s(p1,p2,t) == | 7 [7(p,t)|dp|. Let g be the arc of length s(py, po, 1)
of a circle of radius % centered at the origin.

Then A, B will be the endpoints of g and C = v(p1,t), D = v(p2, t). Thus,
d(A, B) is the length of the side AB of the triangle whose vertices are the
origin, A and B. The angle opposite ABis K s(p1,p2,t), and thus the
length of AB is 2+ sin(%). Therefore, |y(p1,t) —v(pe2,t)| = d(C, D)
> d(A, B) = 2 sin(Xeura)

Q.E.D.

In the following theorem we assume that the curvature £ is bounded from
above and below. Thus will be true for at least small time. One can see this



later when we establish that the curvature satisfies a certain 2rd order
quasilinear parabolic equation. However, we can get this directly by the
discussion given on short term existence (1) via viewing out solution 7y as
the graph over our initial curve 7y,

Theorem: Let «y : [0, P] x [0,T) — R?, ~(-,t) a closed curve; ¥ = k7. If
|k| < C and 7(-,0) is embedded, then 7(-,t) is embedded Vt E [0 T).

Proof: Let E := {(p1, p2,t) : s(p1,p2,1) < &}

First we demonstrate that on E f = 0 if and only if p; = ps. By the

corollary, f =0 = s1n( s(p1,p2,t)) =0 = s(p1,p2,t) =0 = p1 = po.
Conversely, p; = po 1mphes f = 0 by the definition of f.

Let D := ([0, P] x [0, P] x [0,T)) \ E. We will use a maximum principle
argument to show the minimum of f is positive on D, which then proves
the theorem.

i= {(p1,p2,t) : s(p1,p2,t) = Z,t € [0,T)} and B :
> &}

On A, f > (%)? > 0 by the corollary, and on B ~(:,0) is embedded =
f>0. Thus f > 0 on 0D.

0D = AU B, where A :
{(p17p2:0) : 8(plap27 )

Let m = min{min f,mingf} > 0.

Consider g = f + ¢t for € > 0.

: dg __ 8%g 8%g _
Then g satisfies 3} = 952 + 952 4+e.

Let 0 < 6 < m, and suppose g achieves the minimum value of m — § on D.
Let to = inf{t: g(p1,p2,t) = m — 0}. The continuity of g and compactness
of D along with our boundary estimates imply that m — ¢§ is achieved at an

interior point (p1, p2, ). We note here that g,,;, = mgplm and for
1 2
. <Ypipi Vo>
1=1,2 g5, = ﬁgpmi - %gpi'
At this minimum point g—‘t’ <0, gp; = 0, and the Hessian matrix of g with



respect to the variables p; and ps is non-negative definite. This then implies
that (at (p1,pe,t)) we have the following:
9sisi = ﬁgpmi for i =1,2

0< m(gplmgpzm - (gp1p2)2) = Us1519s252 — (QS152)2-

2 -, _ ™ _
83692 =-2< t(plaf)7t(p2:f) >
= +2 since at a minimum point the tangent lines to the curve at p; and py
must be parallel.

Lastly at this minimum point we also have 0 < (\/Gs,5; — +/Ts255)°
ng + 859 > 21/329 gzz 2|asa | > 4. But this is a contradiction.

0 is arbitrary = g > mon D = f > m — €T on D. Letting ¢ — 0+ =
f>m>0on D.
Q.E.D.

MORE ON PRESERVING CONVEXITY:

For a given solution 7 to (1), we have established that 7 is embedded and
convex for small time, and hence we may parameterize 7(-,t) by 6, where
we assume 6 such that 7 = —(cos6,sinf) or £ = (cos#,sin 6). In the
following, we assume that our solution v of (1) is at least C*. To determine
the evolution equation for curvature when using # as our parameter, we
take 7 as the time parameter. Thus we have a change of variables (p,t) to
(6,7). Even though 7 =t, we don’t necessarily have 2 = gt, because 2 is
the derivative in ¢ of a function assuming p is fixed, and = is the derivative

in 7 of a function assuming @ is fixed.

Lemma: —T kwez + k3.

Proof: First we show the following:
% — ‘92’“ + k3, where s is our arclength element so that ds = |~,|dp.
To show this we note the following claim:

90 _ 28
8tds 656t+k



This is true because: 22 = %h—lp'a% = (using % = —k?|7,| which we will
. k2 8 100 _ 128 , 80

establish shortly) s T Tolopor = F 85 T 2500

Note: We will also assume that 7, = —k,¢ which we will also establish

shortly. However computing this directly from our definition of

7 = —(cos 6,sin #) we get 7i; = —(—sin 6, cos 0)% = —10, . Thus 6; = k,.

However, we also have % = k in the same way using a direct calculation

and the Frenet formulas.

_ 9% _ 9% 200 _ 3
Thus ky = g5, = 555 T K55 = kss +£°.

Now we proceed to prove the lemma. By the chain rule we have:
% =k, + ko = k, + kok, = k, + k(ky)?;
Also 2 = kZ = ko, = k(kke)g = k(ko)? + kkoo.

Putting this together, we get the lemma.
Q.E.D.

Theorem: Suppose k is a solution to:

ky = Koy + k% for 6 € S, 7 € [0,
If‘»r:() =ky>01is given.

Proof: Fix 0 < T < w, where for 7 € [0,w) we have a solution. Pick A >0
such that A > sup[o’gw]x[o,T}kQ. Suppose that £ < 0 at some point in

[0,27] x [0, T], then so is v = e"*"k. Therefore the minimum of v on
[0,27] x [0, T] is non-positive. We let (f,7) be a minimum point of v on
[0, 27] x [0, T].

We then see that v satisfies the following PDE:

v, = e Mk, — e Mk = e AM{k2kgp + k3} — Ae Mk = k?vgg + {k? — A}w.
At (0,7) we have: v,(0,7) <0, vge(f,7) > 0 and v(f,7) < 0. But then since
k*vgg + {k* — A}v > 0 at (0,7), and this is strictly positive unless v = 0.

Therefore we can conclude that £ > 0 on [0, 27] x [0,7]. Now we want to
show k£ > 0.

10



Let m(7) = mingeo2nk(0,7) = k(0(7),7) (for some (1) € [0, 27]).

If §(7) is C", then G2(1) = ko(0(7), 7) G (7) + k- (0(7),7) =
{k?koo + K} (0(r),r) < k*(0(7),7) = m?(7). But, in general §(7) may not be

m(1t+h)—m(7)
h

a C! function. So instead we look at limin f,_ , and get a

similar result for this.

Thus,
m(’r+h’27m('r) _ k(0(T+h),T+h) k(0(1), ) k(0(T—|—h),’r+h’37k(0('r+h),'r) _

kr(0(T +h),&p) = (k2k99+k )
and 7 + h.

(0(r+h)£,.)> Where & lies strictly between T

Let {h;}$°, be any sequence with limit zero such that @) has a

limit, and let C' denote this limit.

m(T+h;)—m(T
h;

Then,

lim;_, =0=

limy oo {m(7 + h ;) —m(t)—hC}=0=

lim; o0 m(T + hi) = m(7), i.e. lim; o0 kK(O(T + hi), 7 + hy) = k(0(7), 7).
{0(7 + hi)}2, is a bounded sequence of numbers, therefore there exists a
subsequence {h J22, such that (7 + h;,) — 6 as k — oo. Thus m(r) =
limk_>oo m(T + h'tk) = lzmk_)ook(Q(T + hik),T + h’lk) = k‘(é, T).

m(T+h; )—m(T) —h;C

Therefore,

Since for 7 fixed, k(-,7) has a minimum at ; thus kg(8,7) > 0. Therefore,
(m

llmmfh—mw > (m(r))* > 0.

Since liminfh_,ow > (m(7))® > 0 we have:
Given € > 0 9dH > 0 such that for 0 < h < H we have

11



m(7t+h)—m(7)
h

v

(m(7))® — & > —e. Therefore, m(7 + h) > m(7) — €h.

Assuming m(0) > 0, let ¢ = @ and h less than the minimum of 1 and H.

We then get m(h) > @ > 0. Thus k£ > 0 for 7 sufficiently small.
Q.E.D.

Note: Even though we have already established (for a solution to (1)) &
remains positive, the above argument was included because it is useful at
future points.

THE SUPPORT FUNCTION OF A CONVEX CURVE:

Given any curve 7 with positive curvature (i.e. 7 uniformly convex); p € I.
Let 7i(p) = —(cos @, sinf). Here 6 = f(p) is called the normal angle at v(p).
So then we also have #(p) = (—sin 6, cosf) is the unit tangent. Let

J =6(I). If ~y is a simple closed curve then J = [0, 27). For such curves we
may use 6 as our parameter (as is the case with (-, ¢) for small time t). Let
v = () and 77 = —(cos @, sin#). The support function of v defined in J is
given by h(f) =< v(0), (cosf,sinf) >. Writing v = (71, 72), we have

h(6) = 71 cos @ + 5 sin f. Therefore, hg(f) = —71 sinf + 2 cosf. Thus v can
be recovered from the system:

v1 = hcosf — hgsinf
Yo = hsinf + hycos @

Alsdo, we see that hgg +h = < (v§,73),t > = (by the chain rule) < 4145 ">

= % = % (where our last equality can be seen via a direct calculation of

d

<1 and what the Frenet formulas tell you).

The next computation proves quite useful when establishing the long term
behavior of the flow. Here we assume v = 7(-,¢) (for small t) is our given
solution to (1))

Using the notation % to be the time derivative when holding € constant.
We get that h satisfies:

12



h: = < 7,,—il > = (by the chain rule) < v,p, + v, —71 > = < ki, -7l > =

—k. Thus h satisfies the following parabolic PDE: h, = ﬁ

UNIQUENESS OF SOLUTIONS TO (1):

Assuming existence and C* regularity of a solution v to (1), we have shown
that the ~y(-,¢) remains embedded and convex. Also we have just shown
that our solution ’y can be recovered from its support function h, and h
satisfies h, = = 7ot +h This equation is parabolic, and thus we will make use
of this to deduce the uniqueness of solutions to (1).

Suppose that v and 7 are two solutions to (1). Let £ and k be their
respective curvatures, and h, h their respective support functions. We
define w := h — h. Then w satisfies w, = h, — h, = —— — 1 =

~ N - hgo+h hgg+h
— heg + h — h} = kk{wgy + w}.

1
(hoo+h)(hog+h) {hao
Therefore, w satisfies:

W, = kl%{tUao + w}
w"rzO =0

For the following we let A := kk, and let f(7) := [Z" w?(0,7)dh. Then
f’( ) = 1 J¥m ww,df

=3 wawga + Aw?db

= (by integration by parts) —1 [[Aws + Agw]wedf + 3 [ Aw?dd

< =4 fwddf + 22 [ |w||we|dd + 22 [ w?d6

Using Cauchy’s inequality for € > 0 (for a,b,e > 0, ab < ea® + g ), with

€= S?”}‘:"' we then get f'(7) < { Sgﬂ‘;ﬂ) + Sug’A}fwde =

{(sgﬂ?ﬂ s“pA} f(7). Thus by Gronwall’s inequality we deduce that

f =0, and thus w = 0, and hence uniqueness of solutions to (1).

CONVEX CURVES IN THE PLANE:

Here we assume that our parameter  is the angle such that

13



t = (cosf,sinf).

Lemma: A positive 2mr-periodic function &k represents the curvature of a
simple closed uniformly convex C? plane curve < [5" CosedH = [ Z’(“ag df =
0.

Proof: If £ > 0 is the curvature of a closed simple curve with length L, then
[l tds = [ v.ds = v(s)|§ = (0,0). But [ tds = [ (cos(s),sinb(s))ds.
Thus, [ cos@(s)ds = [ sin0(s)ds = 0. Moreover, JE cosB(s)ds =

Jo™ Seydo and [y sin(s)ds = [ ek df.

Conversely, assuming &k > 0, fO” CosadH =0and [J" ?;?0? df = 0, we define

(0) = (2(0),y(6)) by =(6) = fj Wdr and y(0) = [y 5¢5dr. Clearly by our
assumption vy is closed.

By the fundamental theorem of calculus, v = ). Hence,

k(9)° k(é’)
Yoo = k2( sinf -k — cosf - kg,cos0 -k —sinf - kg). Thus the curvature of

is given by % = k.

To show that it is simple note that the map 6 + £ = (cos 6, sin §) is
one-to-one. This insures that our curve is simple.
Q.E.D.

A REPRESENTATION FORMULA FOR OUR SOLUTION:

In the following discussion we give a representation formula for solutions to
(1) by finding a unique 27-periodic in # solution to:

kr = k’kgp+ K°
k(0,0) = ko(0) (5)

for short term . (Here is the partial with respect to time holding # fixed
and % is the partial Wlth respect to our parameter holding time fixed).

It was shown that if k£(-,0) > 0 then k, which satisfies this equation,
remains positive. Moreover, it was also shown that the solution to (1) also
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satisfies this PDE. Thus starting with this PDE (namely (5)), with a
positive initial value assumption, we may construct the unique solution to
(1) from the solution to (5).

Assuming the existence and uniqueness of a solution to (5) with & > 0

smooth, we define v = (z,y) by z(0,7) = ¢ o dz — Jg ko(0,7)dr +2(0,0)

and y(0,7) = ¢ ks(iZf) dz + [y k(0,7)dr + y(0,0). We are assuming that
was specified. Then this will give us a family of curves (-, 7) such that

7(+,0) = 7o and 7 is smooth. Let 6 € [0, 27], and let s(f) is the length of the
piece of the curve with endpoints (6, 0) and (0 0). Then ~(6,0) — ~(0,0)

= (by the fundamental theorem of calculus) f¢¥ fds = [? %dz.

Now we will establish that ~, = k7 — k'gt_: where here we take 6 to be so
that £ = (cos6,sin @) and 7 = (—sin 6, cos§). We then define

7(0,t) = v(¢(0,1),t) for some ¢, with ¢y > 0 and ¢(+,t) : [0, 27] — [0, 27| a
diffeomorphism for each fixed ¢, such that 7, = k7.

Note that for each fixed ¢, v as defined is just a translation of

(e kcosz dz, J? ;‘;‘j dz), which we have already established has curvature k.

Thus ¥ has curvature k.

Now we compute x, and y,:

z.(0,7) = J? ar( ) cos zdz — ky(0,7)
= f¢ k’;é T)) cos zdz — ky(0,7)
= [¥ —cos z(k,, + k)dz — ke(0,7)
= [V —cos zk,,dz — [{ cos zkdz — kg(0, T)
= (by integration by parts)
J& —sin zk,dz — cos zkg|?=§ — [ cos zkdz — ky(0,7)
= (by integration by parts)
J9 cos zkdz — sin zk|?=8 — cos zkg|?=0 — [f cos zkdz — kg (0, 7)
= —sinbk(0,7) — cosOkq (0, 7).

y(0,7) = f¢ aT(k(” )sin zdz + k(0, 7)
= [ Sk sin 2dz + k(0,7)
= [y —sinz(k.. + k)dz + k(0,7)
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= [ —sin zk,,dz — J¢ sin zkdz + k(0, T)

= (by integration by parts) [ cos zk,dz — sin zkg|?=0 — [ sin zkdz + k(0, 7)
= (by integration by parts)

J&sin zkdz — sin 2kg|2=§ + cos 2k|2=§ — [f sin zkdz + k(0,T)

= —sin0ky(0, 7) + cos Ok(0, T).

Thus vy, = (—sinf, cos )k(0,7) — (cos 8, sin 0)ks(0, 7) = kit — kgt. Thus
after an appropriate reparameterization we have a solution to (1).

Now we establish the uniqueness of a solution to (5).

Suppose there exists two solutions u, v to (5) with the same initial
condition f, and let w = u — v. Then w satisfies:

wy; = ulwgg + {(u+ v)vgg + u? + uv + v2}w = uwgy + bw subject to
w(-,0) = 0. We want to show w = 0.

Let g(7) := [¢" w?(0,7)df. Then

Lg'(r) = J§" ww,df

= [2" ulwweg + bw?dh

= (by integration by parts) —2 [ uugwwedd — [;" uPwidd + [T bw>dh
< 2sup(u)suplug| J27 |l woldd ~ inf (u) [2* w3dd + suplb| J2* w?d8

(x)

Also, for any € > 0, [ |w||wy|df < & [w?dd + £ [ wjdf for any £ > 0. Using
— 2sup(u)sup|ug|
T inf(u?)

() < (Zeuplsupiua)® o guplb]) (27 w2dg = O 37 w?dd

we then get

Therefore, ¢'(7) < 2Cg(7). Integrating both sides from 0 to 7 we get
g(1) < 2C [§ g(t)dt = (by Gronwall’s inequality) ¢ = 0 = w = 0 and thus
uniqueness is established.

To establish the existence and regularity of a periodic solution to (5), we
refer the reader to M. Taylor chapter 15 sections 7 and 8 on quasilinear
equations, or Lieberman’s paper ”The First Initial-Boundary Value
Problem for Quasilinear Second Order Parabolic Equations.”
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EVOLUTION OF GEOMETRIC QUANTITIES:

Here we assume the Frenet formulas: £ = |, |k and
— |7, |kt = —k~,. The length of 'y( ,t) is given by L(t) = [ |y,|dp,

where our parameter p € [Py, P1] and s is an arc-length element (i.e.
dL

ds = |7p|dp). We now compute .

( ) fPI 3\/<’7p:7p dp

<7Ih(kn)17>
- f [ d
P, <’Yp,(kn)3‘7p‘>dp

Y X [Vpl
_ (P1 <Ypoks|vplii—k? |7p|t>d
Py o] P

= fPO P< ’Yp, th > dp
= - Po1 k2‘7p|dp <0.

Therefore is negative = L(t) is a strictly decreasing function of time.

’dt

We note here two important observations used in the above calculation of
dL
E.

Olwl _

o =
— <¥psMpt>

[7p]
<YpVtp>

[¥p]
<vp,(kit)p>
[7p]
<Ypskpfitkiip>
[7pl
<7P ,k’ﬂs |'7P ‘ >
[vp]
< Yp, kng >

< Y, —k*t >
= _k2|7p‘7

é(< Tps Vp > )%
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= k,ii — k*,
= m\( ’yp,’yp) k(v 73)

k
= (32% — K% 2% — B°%5)-

From these two observations it follows that, n;

- 82{@(—75, %)}

= m\( 'Vpa'yp) + m\( 7;31:’7;1:)

= mk(—’ypa’yp) + BN |( kp\zp\ +k27pa kp\::_p| — k?y, )

__p
w2 1P

= —k,t.

Next we note that the area enclosed by (-, t) is given by:
At) = 5 (7 = Vp)dp = =5 Jyp < 7,7 > ds

Therefore,
A'(t) — 2f <%">|’7p|)dp
= %ka <7,7 > |’Yp|dp - 2 f |7p|dp .
s J K<y, it> |pldp — 5 [ <%,n > pldp — 5 | <77 > |pldp
LK < 3,70 > yldp — £ T kpldp + 1Tk, <Yt > |ypldp
=5 [k <y, >ds — 5 [ kds + 5 [, ks <7, > ds
= (Int. by parts on last term) — [ kds.
( y P "

6<’y,n>

Thus A'(t) < 0 = A is strictly decreasing. Moreover, [, kds = 2T df = 2.
Therefore, A(t) = A(0) — 2xt. If we can establish that our solution must

exist for all ¢ € |0, @) then we will establish that A approaches zero in

finite time, namely at time ¢ = #

THE BLASCHKE SELECTION THEOREM:

HAUSDORFF DISTANCE:

Let A, B C R?. We define the Hausdorff distance between the two sets A
and B as dy(A,B) = inf{r >0: AC B+rD,B C A+ rD}, where D is
the unit disc in R?. We then note that for any fixed X C R?, the Hausdorff
distance defines a metric space on M (X), the set of all closed subsets of X.

18



Proposition: dy(A, B) = max{sup.cad(a, B), suppepd(b, A)}. Here d is the
usual Euclidean distance.

Proof: W.L.O.G. we will assume A = supyecad(a, B) =
max{supyecad(a, B), supyepd(b, A)}. Let d = dg(A, B). Then for any

a €A a€ B+)AD = AC B+ \D. Likewise, forany be B, be A+ \AD
= B C A+ AD. Thus, A > dy(A, B).

Fix an arbitrary € > 0. Then for any d < y < d+¢, A C B+ uD and
B C A+ uD. Therefore, for any a € A, a € B+ uD = d(a,B) < p =
supgead(a, B) < p. Thus A < p < d+e. We now let ¢ —» 0+ = A < d.
Q.E.D.

Proposition: Let {A4;}°, C M(X), A; —» A € M(X) with respect to the
Hausdorff metric, then

(1) A={a € X :VYnda, € Ay;a, — a} (=: B)

(2) A = N2, (U5, Am)

Proof: Suppose dy(A;, A) — 0 as i — oo. Let a € A, we want to find a
sequence {a,}°, such that a,, = a and a, € A, Vn.

By our previous proposition we have that d(a, A,) — 0 as n — oo.
Therefore, given £ > 0 there exists an N such that n > N = d(a, A,) < 5.
Thus we can find an a, € A, such that d(a,a,) < e Vn > N. Thus {a,} is
our desired sequence.

Thus we’ve shown that A C B.

Now take any a € B, i.e. any a € X such that there exists a sequence {a,}
so that a, € A, and a, — a as n — oco. We want to show a € A.

By the hypothesis of the proposition, Vi dr; > 0 such that A; C A+ r;D
and A C A; +r;D with r; > 0 asi — 00. a, = a = Given € > 0 3N such
that n > N = d(ap,a) <ée. Thusa € A, +eD Vn > N and A4, C A+r,D.
Therefore a € (A+7r,D)+eD = a€ A+2(r,+¢)D Vn> N. Let n —» o0
to get a € A+ 2¢D. We now let ¢ — 0+ to get a € A = a € A. Thus we've
established (1) in the proposition.
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We now define B := N9, (UL_, A,,), and let @ € B. Thus for any n

a € (U2, A,). Therefore there exists a sequence of points {b7}°, such
that b} — a as ¢ — oo and b} € Uy®_ A, Vi and thus for each 7, b} € A,,,
for some m; > n. Thus by using a diagonalization argument, we can find a
sequence {ax}52, such that a;, — a, ax € A,, with {n;}32, a strictly
increasing sequence of integers. But then it follows that a € A since A is
also the limit of the sequence {A,, }3, with respect to the Hausdorff
metric.

Now suppose that a € A, we want to show that a € B. We know there
exists a sequence {a,} , such that a,, — «¢ and a, € A, Vn. Therefore
d(an,a) =1, = 0 as n — oo. Thus a € (UX_, A,,) Yn. Thus we have (2).
Q.E.D.

Proposition: Suppose 4; — A in M (R") with A; convex, then A is convex.
Proof: Let a,b € A, then there exists sequences {a,}2° , and {b,}°, such
that a, — a and b, — b, with a,, b, € A, Vn. For any ¢ € [0, 1], let

Cp = ta, + (1 — t)b,. Then A, convex = ¢, € A,. Also, ¢, = ta+ (1 —t)b

asn— oo = ta+ (1 —t)be A= Ais convex.
Q.E.D.

Theorem: X is complete = M (X) is complete.

Proof: Suppose that {S,}5°, is a Cauchy sequence in M(X). Let

S :={x € X : for any neighborhood U of z, S, N U # ¢ for infinitely many
n}. We'll show S, — S.

Let € > 0, and let N be such that Vn,m > N, dy(Sp, Sm) < €.

First we’ll show that for z € S, n > N we have d(z, S,) < 2e:

Let z € S, then 3m > N such that B.(z) N S, # &, i.e. Jy € S,, such that
d(z,y) <e. dg(Sm, Sn) < e = d(y, Sp) < €. Therefore, d(z,S,) <

d(z,y) +d(y, Sp) < 2e.

Next we'll show that for any x € S,,, n > N we have d(z, S) < 2e.
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We shall define a strictly increasing sequence of integers {n}2, as follows:
Let ny = n and for each k£ > 1 let n; be such that n, > n;_; and
du(Sp, Sq) < 35 VP, q = 1.

We then define a sequence of points {x)}2, with z; € S, as follows:
r1 = x and we choose z € Sy, such that d(zx_1,7;) < 57=. We note that
this is possible since dg(Sy,_,, Sny) < z=1-

Now {z,} is a Cauchy sequence since Y32 d(zx, Te41) < Tpog 55 = 26 <
oo. Therefore for some y € X, x;, — y. Moreover, d(z,y) = lim,_, d(z, z,)
< Y d(zg, zps1) < 2e. Also, y € S by construction, therefore d(z,S) < 2e.
Q.E.D.

Theorem: X is compact = M (X) is compact.

Proof: By the previous theorem, M (X) is complete. Therefore, it suffices to
show that M (X) is totally bounded.

Recall that for any € > 0, a set S C X is called an e-net if d(z,S) < ¢
Vz € X, and X is totally bounded if there exists a finite e-net in X.

Let S be a finite e-net in X.

We'll prove 27 is an e-net in M (X). Let A € M(X). Consider the set

S € 25 defined by Sy = {z € S : d(x, A) < &}. Because S is an e-net in X,
Vy € A 3z € S such that d(z,y) <e. d(z,A) < d(z,y) <e =z € Su.
Therefore, d(y, S4) < e Vy € A. Also by the definition of Sa, d(z,A) < e
for any z € S4. Thus, di (A, S4) < e = (Since A was arbitrary) 2 is an
e-net in M(X).

Q.E.D.

Thus we can conclude the following result:

For any bounded X C R?. If {S,}°°, is a bounded sequence of closed and
convex sets contained in X, then since M (X) is compact there is a
subsequence {S,, }?2; such that S,, — S € M(X). Moreover, S is convex.
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SHRINKING TO A POINT:

We have shown that if a solution to (1) exists for ¢ € [0, %?)), then the area
must go go zero. However suppose we can only establish that a solution
exists on [0, w) with w < %. Then our area A(t) will converge to a
positive constant as ¢ — w. Note that a priori, this is a possibility, and thus

this is a case we must rule out.

Proposition: (Strong Separation Principle) Suppose v and 7 are two C*
solutions to (1). Suppose 7(-,0) encloses ¥(-,0), then (-, t) encloses (-, )
for positive t.

Proof: We assume (-, t) and (-, t) are parameterized by 6, where the unit
inward normal is —(cos @, sin#). Let h and h be the support functions, and
k, k the curvatures of 7 and 7 respectively. We suppose, without loss of
generality, (0,0) is contained in the set enclosed by (-,0). Let w := h — h.
Then what we have is w(-,0) > 0. Also w satisfies the following parabolic

initial value problem:

W, = k‘/;{’wag + w}
w‘T:() >0

We will show that w > 0. Suppose w < 0 somewhere on S* x [0, T]. Let

A > sup|51X[O,T]{kl~v}. Then the function v := e *"w has a negative
minimum at some point, which we will denote (#,7), and at this point we
have: v, <0, vg = 0 and vgg > 0. Also, v, = kl;vgg + {kl~f — A}v. However
the left hand side is < 0, and the right hand side is strictly positive if v < 0
at (0, 7). Thus we must have w > 0.

Q.E.D.

Theorem: Let v be a uniformly convex solution to (1). If v is a maximal
solution defined on I x [0,w) (i.e. we cannot extend our solution to a bigger
time interval) and w is finite, then the area inclosed by v(-,¢) - 0 ast S w
(and thus w = %?) by our representation of A(t) discussed earlier).
Proof: By the previous proposition, all our curves (-, t) are contained

inside of a disk of radius diam(vp).
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We will now suppose that the area enclosed by (-, ) does not tend to 0 as
t /' w. Let {t;}52, be any sequence such that ¢; ~ w. We have shown
before that A(t;) = A(0) — 2t;, therefore lim;_,o, A(t;) > 0 (since we are
assuming w < A(O) ). Let A; denote the set which (-, ;) encloses along with
its boundary. Then {A;}52, is a collection of closed convex sets, and thus
by the Blaschke Selection Theorem there exists a subsequence {A4,, }%2,
such that A;, — A, a convex set. Also, by our assumption above, the area
of A is positive. Therefore A contains a disc Dy, (zo, yo)-

Next we apply the Strong Separation Principle to (-, ¢) and the flow
starting at 0Dy, (o, yo) to get Day(zo, yo) is enclosed by (-, t) Vt
sufficiently close to w.

Using (x9, yo) as the origin, we introduce the support function h(6,t) of
v(-,t). Let ty be close to w. Then h(6,t) > 2p, since h(0,t) = d((xo, yo), 1),
where [ is the tangent line passing through the point on the curve (-, )
whose normal is —(cos €, sin §).

We’ll now show that k& is uniformly bounded in [tg, w).

—h,

We now consider the function ® :=
k>0and h—p>p>0.

= —hf > which is greater than 0 since

>
hS)

Let T < w and let ®(0y, 1) = max{®(,7) : (0,7) € S* X [tg,T]}. Thus we
have at (00,7'1)
(i)():(bg f6+hhe

—2h, h2
(h—p)®

h-h
+ 2

Using this we get:
(i) and (iii) = 0 > —hygg + Baslz (x)

p
(i) = 0 < —her + 25 (45)

AISO, _hTT = kT = kaae + k3, h = —k and hgg + h = % (* * *)
Therefore using (+*) and ( * x), 0 < k2k99 + k3 + —p = —k%h,g0 + K3+ 2p
< (by (%) and (x % %)) £ k2 h"" + K+ = - = (using this and h, = m —k)
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k(hgg+h—p) __2pk
O<7h7p + = p:><b g

_ ( _
Thus @ is unlformly bounded and he e sois k.
Q.E.D.

)’

Theorem:(Shrinking to a Point) Suppose 7(-,?) is a uniformly convex
solution of (1). Suppose w is finite and the enclosed area tend to 0 as
t /' w, then (-, t) shrinks to a point.

Proof: We know that m(7) > 0 for 7 small. Moreover, assuming that

m(7) > 0, we get liminfh_)ow > (m(7))® > 0. Thus, for h
sufficiently small, w > L(m(1))® = m(r + h) > &(m(7))? + m(7).
Thus m(7) is a non-decreasing function of time and thus we can only have

the enclosed area go to zero by shrinking to a point.
Q.E.D.

Thus we have w = %?) for the Curve Shortening Problem (1). Thus the
above theorems apply to this problem with this value of w.

LONG TERM BEHAVIOR OF THE FLOW:

Let P denote the point such that v - P ast “w = %. By otherwise
considering 7(-,t) — P, we may assume P is the origin. We now consider
F(-,t) = 1/ﬁ’y(-, t), where A(t) = A(0) — 27t. Note that the area enclosed
by 7(-,t) is equal to 7. In the following discussion, the role of 7 has
changed. Here 5; represents the partlal derivative with respect to time

holding 6 fixed. “Let 7 = 7(t) = log[A(t)~2] = —1log(A(0) — 2t), 7o = 7(0)
—21og A(0). Thus, t = AQ—::) - e;:. Looking at 7 as a function of ¢, as
t—w= %?) we have 7 — oco. Therefore 7(-, 7) is defined in |7y, 00).

Now we wish to examine what the corresponding evolution equations for ¥
(=2) _ (=329)

[7p] [7p] .
7i is also the normal for 7(-,¢). In the following discussion we let h be the

support function of 4 and k the curvature of 7.

are. If 71 is the normal to 7(-,), then since 7 = , we have
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The relationship between k,h and k.,h:
h=<%,(cosb,sinf) >=h =< Vas (cosB,sinf) > =

Vag <7 (cosf,sinf) > = Al

Likewise, 7, = Mﬁ% and p, = 1/ﬁfypp. This implies that k = %k.

Now we compute the evolution equation of h:
h _htdt_he T—iLA(t)

AISO, ht Bt{‘/ h} = 1/ ht A(t) = M
Therefore, h, = Vo A(t ) + 1/ h =

Likewise, the evolution equation of k is given by:

b= kgt = kA = SRR = 2= Sk + 2Pk} =
- @k+(A—t)%k Also, k; = k2kgg + & and kgg = /2 kgy

7'(' m

Therefore, /;' = A(t k + (A(t)) [k2k99 + k?’] = kaao + k?’ /;J

le

|

3
0
=N
~—
_+_
—~

4
~—
wlw
>

Lemma: supo,or)xro,r (k2 +k?) <
max{sup [0,27] X [70,7] k ’ 8up[0,27r]><{7'0}(kg + kZ)}

Proof: Let f := k% + k. Suppose 30y, 7y > 7o such that f(fp, 1) =
SUP[0,27] x [ro571] (ka + k2) We claim that kg(Ho, 1) =0.

At (6o, 1):

0 = fy = 2kgkgy + 2kkg = 2kg(kgg + k).

If Ky # 0, then koo + k = 0. We want to show this is not possible.
At (6y, ) we have:

0 < fr = 2kghg, + 2kk, = 0 < kokg, + kk, ().

0 > foo = 2kgg(kop + k) + 2kg(kooo + ko) = 2kg (Koo + ko)-
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But then, k, = 152(1299 + l-c) — k= —k at (60, 71)-

Likewise, /~€97 = 2]:7150(/;99 + /;J) + 1212(]:7999 + ]:79) — ]:79 = /;2(/;1990 + /;Ig) — /;:9 at
(90, Tl).

Thus (%) becomes: 0 < —k? + kok?(kogy + ko) — k3 (%)

But, 0 > fy = 2]€0(l€999 + kg) at ((90,7'1) =0> k2k9(1€595 + ka) Therefore,
using this and (x*) we get 0 < —k? — kJ < 0, which is a contradiction.

Therefore, kg(fy,7) = 0 and hence the lemma follows.
QE.D.

Let K(7) = supgejo.2mk(0,7). Then K(7) = k(6(r),T) for some
0(7) € [0,27]. Let T be fixed. As a function of 7, suppose K(s) =
suppro, K. Then clearly K(s) = supjr,, K = supjo,an]x[ro,sik-

Thus, by the Mean Value Theorem, W = |kg(a,s)| <

supge[0727r]|l~§9(0, s)|, where a is strictly between 6(s) and 6. Thus,
K(s) — k(8,s) < |0(s) — 0|supgeo,2n| ko (0, 5)|-

Now we estimate supge(oon|ko(0, s)|:

SUPYc[0,27] |/~€0(9, S~)|

< SUP[0,21]x [ro,s] [ Ko

= SUP[0,27]x [10,5] k2

= \/SUP 0,27] %[ 70,8 ]k3

< \/ SUP[0,27]x [10,5] (ka +k?)

< (by the previous lemma) \/max{sup[o,gw]x[m,s]l;?, SUP[0,27] x {0} (123 + 1232)}
= \/max{KQ(s), SUP[0.2n]x {0} (K3 + £2)}

< \/ma:r{KQ(s), SUP[,2r X{TO}IZZZ + supp2n X{To}fcg}

< \/ma:r{KQ( ), K2(s) + supgeoamky (0, 70)}

= \/K2 ) + suppcio,n ks (0, 70)
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+C7,

I
T

K(s) +0), -
C = supgeo,2n|ke(0, 70)|-

Therefore, K (s) — k(6,s) < v2|0(s

) — O{K(s) + C’} Assuming that
0(s) — 0] < ﬁ, we then get K(s) <

0
2k(0, s) +

Now we define E(y) = 5- [ klogkds for y a uniformly convex curve. We
call E the entropy of ~.

Claim: E(y) = & [5" log kdf.

To see this, recall that hgy + h = % = % Therefore, kds = df =
%flogkd& = %fklogkds.

For the following discussion, we will sometimes use the notation

E(r) == EQ((,T))
Lemma: -LE(5(-,7)) <0.

Proof:

#EAG,T))

= iﬂd— [log kd#

==/ —log kde
J

[ kkgg + k> — 1d6
-k —1— kadO
the last equality from integration by parts.

N

Il
':T“‘°|H§°|H'=‘:J|H’>‘f|H
() N‘l |“ 3

T A 4 | T

Wlt

2
Therefore, ¢ ek

= %f aT{kZ kg —1}d6

= o [ 2kk, — 2kgk.9df

= (by integration by parts) % J 2kk, + 2kpok.df
= % f?]::T{/;I + ];Jgg}de
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=L [k {k + koo — 1}d0
= L[ Jey {F + Fogp — —}dH + 1k
Ly kQ{kagngk?’ Fpo L[ k= d
Lykdg + Ly Edg
> (by Holder S 1nequahty) 2(5 J %dQ)Q +1if %d&
= 2(E'(1))> 4+ 2E'(7).

3|

Therefore, E"(1) > 2E'(7)(E'(1) + 1).

Suppose we can pick a 7 such that E'(7) > 0. Because of the inequality we
just established, E” > 0 at 7 = E' is an increasing function at 7. Therefore
on [1,00) E' is positive and an increasing function.

By the Mean Value Theorem, M = E"(&) for some 7 < & < T+ h.
But, B"() > 2E/(€)(E'(€) + 1) > 2B/()(E'(7) + 1)

= SO > 2B (7)(E'(r) + 1)

= E'(tr+h) > E'(1) —|— 2hE'(T)(E'(T) + 1) = (1 + 2h)E'(7) + 2h(E'(1))2.
Picking h > maxz{0, 2E,(T) — 1} we get E'(7 + h) > 1. Thus F' is eventually
greater than 1.

Next we will establish that E' > 1 eventually, given that £’ > 1 eventually.
Assuming 7 is so that E'(7) > 1, by the Mean Value Theorem, w
= E'(¢) > 1. Therefore, E(T + h) > E(7) + h. We now pick h > 0
sufficiently large so that E(7) +h > 1.

Next we want to show E becomes unbounded at some finite time.

Assuming 7y is so that E'(7y) > 0 and 7 > 7y, then E” > 2E'(E' 4+ 1)
= E,(g; > 2(E'(1) + 1)

= T1 E’((s))ds > 2 T(EI( )+ 1)d8

= log = E,( 7= 2{E(t) —E(n)+717—1}

= F'(r) 3 B! (ry)e2Br)tm} 2(B(r) 47}

Integrating both sides of the last inequality we obtain that for 7 < 7 so
that E'(72), E'(t) > 0 (and of course assuming 75 > 7):
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E(r) — E(n)
Z E/(T1)€72{E‘(71)+71} f7'T2 62{E‘(s)—|—s}d8
> EI(Tl)e—Q{E(Tl)-‘rTl}eTQ f; e{?E(s)—I—s}dS_

Assume that 7y is large enough so that E'(y)e"2{E(m)+nlem > 1. Then for
T > 7, BE(1) > E(r) + [ eP?PE)tslgs,

Equivalently, for 7 sufficiently large and A > 0 we have:
E(T+h) > E(1) + [T1" BG4} g
> E(1) + hel2B(H7},

Next we proceed to show E blows up in finite time.

Assume 7 > 0 is large enough so that the above inequality holds and so
that £ > 1. We define a sequence {73}, by:

To =T

=7+ %

1 1
Tn:Tn—1+2_n:T+ZZ:12_k
Then 7,, "7+ 1 as n — oc.

Also, E(m) = E(T + %)
> E(T) +%62E(7)+’r
> 1+ 3e2 > 2.

Assume now F(1,) > 2n, we want to show E(7,51) > 2(n + 1).
E(Thy1) = E(10 + QLR)
> 2n + e

> 2n 4 e
>2n+2=2n+1).

Therefore, E(7,) > 2n. Let n — oo to get 7, = 7 + 1 and E(7,) — 0.
Therefore F becomes unbounded in finite time, but this is a contradiction

since F exists on [1g,00). Thus E'(7) < 0 everywhere.
Q.E.D.

29



Let v be a uniformly convex curve. Let P be a point on v such that the
unit normal 7 at P is —(cos 6,sin#), i.e. P = y(#). We then define

w(f) = h(f) + (0 + 7). We call w the ”width of the convex curve 7 in the
direction of (cos#,sin #).”

The Geometric description of w(#) is as follows: For a point Py = ()
where 7 incloses the origin, h(f) = the distance from 0 to ly, the tangent
line to v at Py. The unit normal to () is —(cos @, sin #) and the normal to
v(0 + 7) is (cos @, sinf). Thus the tangent lines ly and Iy, are parallel.
Hence having a positive lower bound for w, say w > A, would insure that
cannot fit between two parallel lines of distance less than A apart.

Note that (-, 7) encloses the origin. We now proceed to show that
w(#) := h(0) + h(f + ) is indeed bounded below by a positive constant.

Lemma: Let v be a closed uniformly convex curve and h the support
function for -y, then there exists C' such that w(f) > Ce#() for any 6.

Proof: Let 6y € [0, 27] be fixed.
Note: For notational purposes, we extend k, h to be 27-periodic functions
defined on all of R.

Then,
f”°+” SETLdo = [ sin(0 — o) (has (0) + h(6))d6
= (by 1ntegrat10n by parts) fp 60” —cos(f — 6p)ho(0) + sin(8 — 6p)h(0)d0 +
sin(f — 6o)ho(6) [p=6 ™"
= (by integration by parts) (— cos(f — 6y)h(6) + sin( — eo)ha(e))gzzg”
= h(0y + ) + h(6y)
= w(f).
Therefore, [;°*" Sm(e 00 df = w(by).

By Jensen’s Inequality (using that — log is convex),

logw(fy) — logm = log{= |, ‘9°+7r smk(zo sin(0-0o) 79}

> L [+ log(sin(f — 00))d0 1 [+ og(k(6))ds.

Therefore, log(w(6y)) > logm + £ [ logsin0d6 — L [ log k(6 + 6,)d6.
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Likewise,

Jooiem ¢ — [0 2™ in(0 — 6o) (hao(6) + h(0))d0

= (by 1ntegrat10n by parts) fg}“jﬁ” cos(0 — 0y)hg(0) — sin(0 — y)h(0)dO —
sin(6 — 6o)ho(6) [g=go 17"
= (by integration by parts)
(= sin(0 = o) o (0) [s=5513" + cos(0 = 00)(6)) 55, 12"
= h(bh) + h(0o + )

By Jensen’s Inequality (using that — log is convex),
logw(ﬁo) logm
~ gL s -

> L fooiaT log(— sm(e 00))do — L [fo 2" log k(0)do.

Therefore,
logw(fy) > logm + L [2log(—sin6)dfd — X [>"log k(0 + 6,)db
=logm + L [ log(sin@)dd — L [2"log k(6 + 0p)df.

Hence we obtain that:

log w(6o)

> logm + L [ log(sin0)dd — L [7™log k(6 + 6)df
= log7 + = Jq log(sin#)dd — E(7).

Therefore, w(6y) > ner Jo logsin0dd ,—E(y) _ 1,—E(7)

Now we establish that C is finite. f; logsin 0df

=2 fog logsin #df and fO% logsin 8df = lim,_,q fa% log sin #df. Note also that
for 6 € [0, 5] we have 26 < sin# < #. Thus log 20 < logsin # < log .

x Br
Moreover for any positive constant B, [ 2 log BOdf = % J52 logudu =

+{E" — Ba + Z%log(Zr) — Balog(Ba)}. Moreover, By L'Hopital’s rule
lima_)o Balog Ba = hma_,o(—Ba) = 0. Thus C is finite.
QE.D.

Thus we have established that F(5(-,7)) is bounded from above, and since
w > Ce EGGT) we have that w is strictly greater than 0 for any 7. In
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particular, there exists a constant A independent of 7 such that w > A.
Hence ¥(-,7) cannot by placed between two parallel lines with distance
closer than A. Also since 5(-,7) is convex and the enclosed area is always
equal to 7, this also says that the diameter of 4(-,7) must also have a finite
upper bound, and thus the length of 4(-,7) has a finite upper bound which
we’ll call L.

Lemma: k is bounded.

Proof: Suppose that k is unbounded. Let K (1) = supgejo2q] l-c(0, 7). As a
function of 7, let 7,, be defined by K(7,) = maz,¢c[ry,ro+m K (T) Then
clearly K(7) < K (7,) for 7 < 7,,. Moreover, K (7,) — oo as n — 0o since
we are assuming k is unbounded.

Recall that F(7) is a decreasing function of 7, and for 7 = 7,, we have
K(r) <2k(0,7)+ C for |0 — 0(7)| < 2\[

Therefore,
2mE(0) > 27 E(7)
= [logk(8, T)d0

= fl9 o(r |<%f gk(6,7)dd + Jto:k(0,m)<1} log k(6, 7)df
lo— 0(7)57 gk(0,7)do + f{k<1}klogkds

> fw o(r 7 {%(K(T) C)}dO + [geyy klog kds

= ﬁlogg og(K(7) = C) + [(j<1y klogkds.

Now we examine — [i;_; klogkds = i<y klog %ds.

Note that lim, o, xlog 2 = limy 00 %log:r = (by L’Hopital’s rule)
lim, e 1 = 0. Letting f( ) = Llogz, then on [1,00) f has a local max at
= e and thus a global max at z = e, with f(e) = 2. Therefore,

- f{ic<1}1510g kds = f{,;<1} Elog %ds < %

Thus, 27E(0) > %log% + % log(K(1) —C) — % Therefore, K(7,) =
K(r)<C+ 2eV22mB(0)+2) | Letting n — oo we get a contradiction.

Therefore k is bounded from above in [, 00).
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Q.E.D.

Let 7 be a closed convex curve enclosing the origin (so that A > 0). We
define F(v) = 5= [ 2T Jog h(6)db.

Lemma: For 7 > 7 sufficiently large, £ F(5(-,7)) < 0. Also, F(5(-,7)) is
bounded from below. Hence F'(3(-,7)) is bounded for 7 sufficiently large.

Proof: For notational purposes, let F(7) := F(3(-,7)).

#F(7)

= =2 [*"log h(6, 7)df
=2 [" L logh(0,7)do
= L for hh (g’:)) df

— %f% —k(8,7) t};ar)de

Thus, & <0 & [~k +hd) <0 [hdd < [kd) < [hd) < < [ kdo.
Where A(t) = e ?7 is the area enclosed by ~; t € [0, %?)) is given by

(1) = 5=(A(0) — e7?") or equivalently 7(t) = —1 log(A(0) — 2xt).

However, [hdf = [ <, (cos@,sinf) > df < [|y|dd = A(t) = e7?".

Thus, [ hdf < A(t). If we show A(t) < @ J kdf or [kdf > 7 we are done.

But [kdf = [ k?ds, and by Hélder’s inequality 2m = 02” df = [kds <

[ |klds < \/f k%s@

Therefore, /[ k2ds > \;—’L’—, where L, = [ ds is the length of 1.
Y

Or equivalently, [ k?ds > ﬁ and we want this > 7. But for 7 > 7

sufficiently large (or ¢ sufﬁ(:lently close to A(O)) L, < 4r. Thus [k?*ds >«
for ¢ sufficiently close to ( L or 7 > 19 sufficiently large.
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Next, we claim that F(7) is uniformly bounded from below.

Let M be such that k < M (we are guaranteed the existence of a finite M
by the previous lemma). Since ¥ encloses 0, 3 a disk of radius ﬁ which
goes through 0 (this is true since the boundary of a disc with radius % has
curvature M). By rotating our coordinate system, we may assume our
circle is {(z,y) : (z+ 1;)* +y*> = 35} = C. The support function h¢ of C
js 1=cost Thus, h > he

= F(1) = 5= [log hdf

> 3 = — [ log hcdﬁ

— f lOg 1— cosade

= —10gM+ o J2™ log(1 — cos 8)df > —oo.

Q.E.D.

Now we define I(7) = I(7(, 7)) == & [" 3(h? — h3)df — £
where we assume that 7 > 79 is large enough so that F'(7) <

f% log hd®,

Theorem: I(7) is bounded for 7 > 7 sufficiently large.

Proof: I'(1) = % 02” hyh — horhedd — F'(7)
= (by integration by parts) % o hy(h + heg)dd — F'(7)
_ 1 (27 h, E’Tde

2r JO k& R
_ 1 pr2r h—k _ h—k
- 27r 0 & h dp
_ 2 (h k)2
=L df

Therefore, I(7) — I(r) = [} 57 J" 5 =B g,
where we assume 7 > 71 > 79 is large enough such that F'(r;) < 0. Note

that this implies that I is a non-decreasing function for 7 > 7.

Now we want to show that I is bounded from above and below. From the
above discussion we know that for 7 > 7y sufficiently large, F'is a
non-increasing function of 7 and F(r) > —log M + & [7" log(1 — cos §)df
> —oo. Thus to show that I is bounded, we only need show that

J h? — h3d0 is bounded from above and below. However, [ h? — h3df = (by

integration by parts) [ h(h + heg)df = I3 hag > 0. Moreover, f hdp = [ hds
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< sup(h) [ ds < sup(h)L < oco. Thus, I is bounded from above and below.
Moreover, we get that I'(7) — 0 as 7 — oo.
QE.D.

Take any sequence {7,}5%, such that 7,, = co. Let A,, denote the bounded
component of R?\ 5(-,7,). By the Blaschke Selection Theorem there exists
a subsequence {A,, }7°, which converges to a convex set A. We let vy
denote JA and h its support function. Note also that because we have
convergence in the Hausdorff metric, }NL(, Ty, ) — h uniformly, and since
}~z>0wehaveh20.

It was shown that for any 7, 30(7) € [0, 27] such that i~z(0, T) > %.

Thus h(6, 7, ) > %W. {0(75,) }32, is a bounded sequence of real
numbers, therefore there exists a convergent subsequence. Without loss of
generality 6(r,,) — 0 as k — oo. Thus h(6) > %(9_9). Therefore, if

h =0, the ony possibility is h(f) = 0. Without loss of generality, we will
assume @ = 0 and thus {h > 0} = (0,27). Let ¢ € C[0, 27]. For k
sufficiently large, we have 6(7,,) a point in the complement of supp(®).

.= 1—cos(0—0(rn, )) 9 M]p(8 c s
Since h(0,7,,) > % we have ﬁg,(ﬁ?"c) < 1_COS((|)¢_(02|T%)) which is

clearly finite for any § bounded away from 6(7,, ). Also,

. (0 ITT Arns . (0
limgp(r,,, ) W(sz)) (by L’Hopital) M limg (. ) m (by
4" (0)

L’Hopital) M limg 4, ) cos0=0(rn)) = 0. Therefore, supj 2q] hl‘;fﬂzb < 00.

Theorem: h as just defined is a weak solution to hgg + h = 3 on [0, 27].

Proof: Let ¢ be any smooth test function (i.e. ¢ € C§°([0,27])). We know
that f§™ @eph + (h — +)pd =

limy o0 2™ 000(0)R(0,T0,) + (R(B,Tn,) — ﬁ(ejmk))gp(e)de.
Also :
|27 oon(Oh(0.70,) + ({0, 7,) ~ T ¢(0)dd|
= (by integration by parts) | [ (hge(6, Tn,) + (6, Tn,) — ﬁ(alr ))gp(ﬁ)d9|
bl nk
1
| (k(g Ty fl(g,mk) )W(e)dm

hG,Tn
= | 1" s ( Hoy — De(0)do
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(0,7
L (s — 1)ao)

k(8,mn;) h(0,mn,) h(0,mn
= suploaniis | i 3 Mz) Vi) (Horma) —1)dg
< (Holder’s 1nequa11ty)
x h(0,m 1 x k(0,7 h(0,7n, 1
supo e (0™ R d) (37 17 - (o) — 1)2a0)*%,

SUP 0,27] 7,

k(eﬂ'nk) (aaTnk) k(aaTnk)
27 ]‘é(aiTn ) (9 Tn 2 (H,Tn )—/}(a,Tn ))2 —
However, g ﬁ(a,Tni) ’ ( k(0, Tnz) 1)%df = (9,T]Zk)i‘c(9,7n:) df =

2nI'(1,,) — 0 as k — oco. Note that we have already shown that [ %d@ is
bounded independent of 7. Thus A is a weak solution to hgy + h = % on
[0, 27].

Q.E.D.

We know that + € L2 [0,27] and thus by the Interior Regularity Theorem
(see Evans sec 6 3) we get h € H2 [0,27]. By the chain rule for weak
derivatives we get that + € H2 [0, 2x]. Thus again applying the Interior
Regularity Theorem we get h € H;} [0,27]. Thus by an inductive argument,
we get for any positive integer k, h € Hf [0, 27]. Therefore, by the General
Sobolev Inequality (see Theorem 6 in sec 5.7 of Evans) we get

h € C:2[0, 27].

Note that hygy = % Thus if A < 1, then hgg > 0. Therefore h is convex
for all # such that A < 1, and thus Ay is bounded for values of € such that
h(0) < 1. Fix a < B € (0,2m). Then ho(B) — ho(cr) = [2 hgs(0)d0 = [ 1db
— [? hdf. Therefore, hy(B) — hg(a) + [2 hdf = [P 1d6. The left hand side
is finite for any o < 8 € (0,27). Letting @« — 0 or 8 — 27 we get

JiT 3df < oo.

At thls p01nt we want to establish A # 0 on [0, 27]. We know that

hgg = . Thus, on (0,27) hghgg + hoh =22 = L{h2 + h*} = Llogh =
h? = logh h% + C. Thus, if h we to get arbltrarlly small, then logh would
not be bounded from below. However, as h — 0 we have hy stays bounded.
Thus if h — 0, then logh — h + C — —oo, which cannot happen. Thus h
remains positive, and thus in particular, % € L?[0,27]. Using this we may
establish global regularity. To do so, we refer the reader to Gilbarg and
Trudinger chapter 8, in particular section 8.4. Thus we may conclude that
h € C*[0, 27].
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Suppose h is a 2m-periodic solution to () hgg + h = %, we will show that
h=1.

Notice first that since hgy = I_ThQ At a local maximum hgy < 0= h > 1 at
a local max. Likewise at a local minimum A < 1.

Multiplying both sides of (x) by hg we get hghgs + hhg = 12 =
%[%(hg + h?) —log h] = 0. Thus, $(hj + h*) —logh = C. Notice that at a
local max/min this reduces to +h? —logh = C.

Suppose M is the maximum of A on [0, 2] and m is the minimum of A on
[0,27]. Then $M? —log M = tm? —logm = (M? — m?) =log 2. By
examining the function f(z) = 12?2 — logz for z > 0 we get that
fl@)=az—1>0forz>1 f'=0atz=1and f' <0forz <1. Also,
f"(z) =1+ - > 0. Thus f = C has 2 unique solutions for C > 3, 1
solution for C' = % and no solution for C' < % Thus, given M, m is
uniquely defined. Moreover, as M — oo we have m — 0 and vice versa.

Let h(-, M) denote the solution to (*) with supjoe.h = M. Suppose M > 1
(thus m < 1) and h is 27-periodic. By translation we may assume

h(0) = M and thus hg(0) = 0. Then u = hy satisfies ugg + (1 + 75)u = 0.
But there exists 6 € (0,27) such that h(#) = m = u(f) = m and thus
ugg(0) = 0. Thus we get that h is symmetric with respect to § = the
minimal period 7" of h is at most 7.

Next we will show (h?)ggg + 4(h%)g = 2. To see this note that
(h?)ggg = 2hhggg + 6hghgg, and 4(h?)y = 4hhy. Thus making the appropriate
substitutions for hggg and hgg we get our result.

Therefore,

4 [y e cos2(0 — 0p)dO = [y cos2(0 — bo) - [(h?)gge + 4(h?)g]dO = (by
integration by parts) cos2(0 — 6) - (h?)ge|2 + 2sin2(0 — 6p) - (h?)|3 .
Letting 20, = T' — 7 the right hand side becomes

—sin(20 — T) - (h*)gg|g +2cos(20 — T) - (h?)g|d = 4sinT - (R%(0) — 1) which
is non-negative since 7" < 7. On the other hand, the left hand side equals
—4 f¢ 22 sin(20 — T)df. But for € [0, %], hy < 0 and sin(20 — T') < 0, and
for 6 € [Z,T], hg > 0 and sin(26 — T) > 0. Therefore, its left-hand side is
non-positive. Thus giving us a contradiction (because if it were 0 then
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he = 0 and we assumed otherwise). Thus the only 27-periodic solution to
(x)is h(-,1) = 1.

Thus we have h =1 = (-, 7,,,) — the unit circle. But then this is true for

any convergent subsequence = 4 — the unit circle.
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