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Chapter 1

The Yamabe Flow for M Compact
without Boundary

1.1 Introduction

Let M = M™ be a connected compact Riemannian manifold without boundary; n > 3. Let [go] be
a given conformal class of metrics on M and g € [go]. Consider, the flow'

0 n—
a_i - 2nV(§) (89 = Ra)g (1)

where s, = ﬁ i) v BgdVy, Ry is the scalar curvature with respect to the metric g, and

Vig)= [ 1 dVy4. Note that a subscript of 0 means quantities with respect to g, some fixed metric.

This may be the metric g|i—o or some other fixed background metric. Also, we define the constant

c=c(n):= 4&:21).

1.2 Some Basics about Conformal Classes

Suppose we have an n dimensional vector space V with two inner products <, > and <<, >>. We
will first establish that <,>=c<<,>>, ¢ >0 < <, > and <<, >> are conformal. First
suppose <, >= ¢ <<, >>, then for any u,v € V we have

<u,v > c<<u,v>> <<u,v>>
[ul[v] Vellullvelvl| [[ull[[v]

Next, suppose that <,> and <<, >> are conformally equivalent. Let {u;}!; be an <, >
orthonormal basis, then {u}?_; is an <<, >> orthogonal basis. Let ¢; = ||lu;]|?, we want to
establish that ¢; = ¢; for i # j. First, < u; + uj,u; >=< uj,uj >=1 for ¢ # j. Next,

|u —I-Uj|2 =<+ uj, up +uj >=< ug,up >+ < uj,u; >=2.

Thus
T <wuituju; > <<wtujuj >> cj

V2 Juitugllul uitugllllugll VeaFeye

'Note that we first consider this flow, which is the negative gradient flow of S(g9) = —L= [ w B2gdVy. One can
V(g)

show that grad{S(g)} = %(Rg — 84)g in an appropriate sense, and we shall show this in the appendix.

2n
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This implies ¢; = ¢;.

Next, we have a theorem which tells us that the Yamabe Flow (1.1) preserves conformal class.

THEOREM 1.2.1 Suppose %gij = f(9)gij, then g;;(t) = e”’(t)gij(()).

Proof: Let 7,4 € T,M for an arbitrary p € M. Let ¢(t) denote the square of the cosine of the
angle between #, ¥ with respect to the metric g(), i.e.

b(t) = AT >g0 (S, w0796 (1) (g wv' g (t)
||ﬁ||§(t) ||77||§(t) (Zi,j uiujgz’,j (t))(zk,l Ukvlgk,l(t)) ’

: il 557 and 9ij =< %, % >, with respect to some local coordinate
system {z'}. Then a simple computation shows

where here 7 = u?-2, 7 =02

2(u'v? gij) (uFvlgrr) (u'v? giz)? ) kL i G N (ko
’= (wiuigi;) (vFolgy) (uiujgij)z(vingij)z{(uzuj 9ij) (V" 0" gr1) + (u'u? giz) (v v'gra) }

2f(uiujgij)2 (Uiujgij)2 » w
= _9f ) G0 G N (ariad
(uiud gi;) (vEvigr) f(ulufgij)Q(v’ngj)Z{(u wgig) (V' 9i7)}

= 0.

Q.E.D.

1.3 The Yamabe Flow Preserves Volume f Iy av,

We shall now show that (1.1) preserves volume. Let g € [go], then by the above discussion we
have g = fgo with f > 0.

THEOREM 1.3.1 If g is a solution to (1.1) and V(t) = V(g(-,t)) := [, dVy(.s), then V'(t) = 0.

Proof: Let
V(t) = V(g(t) = V(g) = /Mf’édvo.

Then,
Vi = [ e

:2/ f27 fudVi
2 Ju

[ ppan=2
=5 )1 Gy oo~ R

n—2 n
= i) J o RS
n—2

== | s,—Rydv,
T J, o~
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n—2
= ot save— [ Ravy)

_”__25 fMRdV

2
{sg—s4} =0
Q.E.D.

Therefore, we may re-scale time by a constant factor and instead consider the following flow 2

% = (sq — Ry)g (1.2)

1.4 Classification of [g] by the Sign of \(—L,)

Definition: [go] is said to be scalar positive, scalar negative or scalar flat if [go] contains a metric
of positive, negative or identically zero scalar curvature respectively.?

1.4.1 Scalar Curvature and Conformal Metrics

Definition: Given a manifold M with a compatible metric g, we define the Conformal
Laplacian L, by
n—2
Lgu = Ag’U, - ngu

4
L, is conformally invariant in the sense that if § = un=2g, then we shall show that

n+2

Ly(uv) = un=2Lg(v) (1.3)
and
4(n —1) _ni2

are equivalent. In the following theorem, theorem 1.4.1, we will show (1.4) holds for § = us g.

First assume that Lg(uv) = u%—r;Lg(v) for any C? function v. Then taking v = 1 we get

Ly(u) = —M’;—fnu%R_@u = Rj = —4(7?__21) _%L u.

_ 4(n-1)
n—2

R; = ufz_irg(—%Agu + Ryu) = (uv) nJ—rg (=1 Ago(uv) + Rgo(uv)). This relationship then gives us

Next assume that Ry = u n 2L u. Then writing g = vn- 290 we get g = (uv)n 2gg. Thus,

_nt2
Lyu=v n Lg, (uv).

*In the future, we may drop the subscript of g for convenience. Thus (1.2) will read g: = (s — R)g.
3We will later show that any given conformal class [go] is either scalar positive, negative or flat.
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4
Theorem 1.4.1 For g = u»-2g we have

Proof: The scalar curvature is a trace of the Ricci curvature R = g%/ R;j, R;; = RE .. and in local

1kj?
coordinates we have

R;Cij Z +Z{Fzm YU ]m zl}

where

1
pgj =5 Z(aigkj + Ojgki — alcgij)gkl,
k

where 0; = 05, = awl Vo,0j = ZkI‘ O and gg; =< O, 0; >.

Let § = e/ ¢. For notational purposes, quantities with respect to § will have a tilde over them.
g g purp » 4

5 1 _
Yy — Tl = 3 > (8i(e! gmr) + O (! gmi) — Om (el gax))e g™ — T,

m

1
=3 > (gmk0if + gmiOkf — gikOmf)g™.

Now we compute szy Rﬁcij at a point p € M, and in doing so we shall assume that we are
working in geodesic normal coordinates at p. i.e., g;; = d;; and I‘;-“j =0Vi,7,k at p.

Thus at p,

RL; — R = (T — T) — 05( +Z{Pm (A v
Therefore, at p we have

Ryj — Rj = Y (Riyj — Riy)

%

= Z{al(~;k - ;k) - 8 + Z{sz ik f;mf‘m}}
1 1 .
= Z[iai Z(gmkajf + 9ImjOkf — gikOmf)g™ — 20 Z(kaaz'f + 9miOk f — 9ikOm f)g™

'1& ;{(;(glma&f + 910mf — gm0 F)g") O (90 f + 90Ok f — gin0rf)g™™)

r

~ (O (gm0 f + 9150mf — gm0 1)) _(9rk0if + griOk f — gir0rF)g™™)}]

l T
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1 .
= Z[E > {gmr0:0; f + gmjOi0kf — ginOiOm [ }g™
1 )
~5 D _A9mk00if + gmi0;0kf — 9ix0;0m s }g™
1 )
t7 D AO Agim0if + 9i0mf — gm0 f 1) O {940 f + 9rjOkf — gjk0r F1g™™)
m l r

~ (O _Agm0if + 91;0mf — gm0 f6") D _{9rk0if + griOkf — gix0r f19"™)}]
l T

=I+I1T+1I1.

Here,

1 )
I = Z[§ > {gmr0i0; f + gmjOiOkf — ginOiOmf }g™
1 .
3 Z{gmkajaif + 9miOjOkf — 9ik0iO0m f }g™],

IT = i O A9m0if + 9:0mf — gim0uf 19" ) _{9rk0if + 90Okt — 9ix0:f}g"™)

in,m 1 T
and

11 = —% O Agmdif + 910 f — gjm0if 39"V D _{9rkdif + 9riOkf — g0 f1g™).

m,i 1 T

Now,

1 . . . .
I'=35 > {gmig™ 00k f — Ging ™ 0i0mf — Gmig™ 0;0kf + Girg™ 0;Om f}

2,m

n 1 .
= 0j0kf — 50;0kf — 5 D _ 9kg™ 0i0m f
n 1
= 0;0cf — §8jakf - §9jkAf

n—2 1
= ViVif - §gjkAf,

4.7T = Z(Bmf +n0nf — Omf)(9rk0i f + 9Ok f — 9jx0r f)g"™

m,r

= 10t (9:k0;f + grjOcf — 9in0 f)g™

m,r

= {n0mkOmf0;f + n0jmOmfOrf} — Y nGjkg ™ Omf O f

m,r

= 2005/ 0;f —n)_ gjkg " Ot Or f

m,r
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= 1T = 2V, fVif = 2050 < VI,V >,

—4-111 = Z {9mO; f + 91;0m[ — 9imOif 19" {grk0if + 9riOkf — ginOr f 1™

2,l,m,r

= {0mi0if + 6ij0mf = Gimg" Of HOkmOif + 6imOkf — Y gixg™™0-f}

2,m l

= 6miSkmOifOif + Y OmibmiOifOkf + Y 8ijOkmOmfOif

+>  0ij6imOm fOkf — > 9ikg 050 f =D kg " Om fOLf

1,m 2,7 m,r

= gikg"0if0if = giig" O fokf + D Gimging" g " Of0r f

il il il m,r

= 0;fOkf + nO; fORf + OnfOif + 0;fOuf — 0;fOkf — D 9ikg ™ OmfOrf

m,r

— " 9kg" 0 f0if — 0jfOuf + OnfOsf

i

= (n+2)0;fOuf — 291 Y _ 9" O1f0if
i

n+2

=111 =—
4

1
VifVif+ igjk <Vf,Vf>.

Putting this all together, we get

Ryj — Rgj =T+ 1I+111

n—2 1 n—2 n—2 .
= ViVf — EgjkAf + Tkavjf — ik ;szvif-

Multiplying by ¢/* and summing over j, k we get

n—2 ' ) n—2 , n—2 .
Rzel —R, = — 5 Zggkkajf—EAf-f- I > P VfV,if - 7 nY VifVif
Jik 5k 1
(n—2)(n-1) .
:_(n—1)Af—va1fv,-f.
7

4
Now, using ef = w72 for u > 0 we get

Af = 4 2A(logu)

n—

4 -
> g7 (9i0;logu — () Ok logu-T))
»J k

n—24%
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4
n—2

1 . 1 .
{2 D6 (@du — (3 wu-Th) = — > goudu}
t,J k i,j

4 1 1 ;
= — 2{5Au -2 ;vzuviun.
Therefore, we get
4(n —1) n+2

Q.E.D.

1.4.2 The First Eigenvalue of —L,

Note also that for any ¢ € C? we have Lj(¢) = ufz_irng(wﬁ). Thus

JeLgpdVy  [upLy(up)dV

(Jor2aVy)s  ([(wp)r=2aVy) s

Proposition 1.4.2

M(=L,) = inf Ja Vgl + cByu*dVy inf I(u)
9 wemi(pM)\{0} S u?dV, weH (MO} Jlull =1

where

I(u) = / |V gul? + cRyudV.
M

Proof: Suppose p is an eigenvalue of — Ly and w > 0 an associated eigenfunction. Then
—Agw + cRyw = pw in the weak sense, and hence for v € H' we have

/ < Vgu,Vew > +cRyvwdVy = ,u/ vwdVy,
M M
so taking v = w we get

B fM |ng|2 + cngQdVg
o fM w2dVy

We now define ) )
I o J IVul? + cRu*dV

weH(M)\{0} [ u?dv ’

and we wish to show first that I > —oo. If we show that I is also an eigenvalue, then clearly we
must have I = \; by our above observation.

Proposition 1.4.3 Assume that sup,, |Ry| < oo, then

) [ |Vul? + cRu?dV
I = inf > —00
ue H1(M)\{0} Ju2dv
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Proof:
1= sup (=1(u))
uweHY (M,g),llull 2 (pr,g)=1
< sup / ~eRgdvy
ueH (M.g),|[ull 2 (pr,g)=1 / M
< sup CSUP|RQ|/ wdvs
weHY (M.g) llullp2(ar,gy=t M Y
= CSUP|R9‘ < oo.
M
QE.D.

Now Take a minimizing sequence {u;} C H'(M, g) with ||lu;||12(ps,g) = 1 (thus I(u;) — I). For j
sufficiently large,

T+12 1) 2 [ (Vusav = coup R [ udav.
Thus,
/|vuj|2dv <I+1+csuplR|

= {u;} is a bounded sequence in H'(M).

Therefore, by the compact embedding of H' — L2, 3 a subsequence which converges in L? to
some limit u. Without loss of generality, we’ll assume the subsequence is the sequence {u;} itself.

Moreover, since H! is reflexive and |luj||z1 < C, 3 a subsequence (which we’ll assume is the
original sequence) which converges weakly to some limit function in H'. Moreover, it follows that
this limit must also be w.

Next we will use the following fact: For a Banach space H, if z,, — z, then {z,} is norm bounded
and ||z||g < liminf, o ||€n||z. This is true since there is an [ € H* such that ||z||z = |I(z)],
Uz =1, Uz) = limp 00 l(zn) and [[(za)] < [l lonlla = llon -

Therefore,
/ |Vu|? + u?dV < lim inf/ |Vug|? +udV
n—oQ

Now [ cRu?dV = [ cRu?dV. This is true since,
|/cR(u? —u?)dV| < csup |R)| / |u]2 —u?ldV =0 as j— oo.

Since
/ \Vun\z+cRuidV—>/|Vu|2+cRu2dv
M

we get
|/ ([Vunl? — [Vul2) + cR(uZ — u2)dV| — 0.
M
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Moreover
[ / IVl — [Vul2dV]| |/cR(u,% _@)dv|| < |/M(|vun\2 _ |Vul?) + cR(u2 — u?)dV| — 0.
Moreover, since u; — u in the L? sense, we get
/|Vun|2dV — |Vul2dV.
Therefore, we get that

/|Vu|2 + cRu?dV < Jim /\Vuk|2 +cRuidV =1
—00

/ |Vu|? + cRu?dV =1,
and therefore u is a minimizer.

Now consider w := |u|. By Lemma 7.6 of [5], we get w € H*(M). Also, |Vw|? = |[Vu|? and

w? = u?. Therefore, w > 0 is also a minimizer.

Now we define f(t) = AWt gor 4 € HL. Then,

— [lwttoll 2
iy o J(w F tv)udV / 9 2 [ <V(w+tv), Vo > +cR(w + tv)vdV
@) = ([l + ) QdV |V (w+tv) > +cR(w+tv)2dV + T+ w)Pdv .
Therefore,

f1(0) = 2{B(w,v) — I < w,v >p2},
where B(u,v) = [ < Vu, Vv > +cRuvdV and ||w|| g2 = 1.

fl0)=0 = B(wwv)-I<wwv>,:=0 VYveH.

It can be shown that (by standard regularity theorem for elliptic equations) Lw — Iw = 0, and

thus I is an eigenvalue. Moreover, by the strong maximum principle we actually get w > 0.
Q.E.D.

Here we define the Yamabe invariant of (M, [go]) to be

QM. [go]) = inf{% g € lao])

_ o [ 1Voul? + Rou?dV;

u>0,u€H (M,go) (fu%d%)nT_?

and note that Q(M, [go]) is a conformal invariant by its definition®.

“Here we point out that the corresponding Euler-Lagrange equation for the functional J(u) := [,, L|Vou|* +
Rou?dVy subject to the constraint H(u) = fM u% dVp=1is
4(n—1 nt2
(n—-1) " zunss

n—2 Baott+ Rgou = n—2
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Proposition 1.4.4
A(M, go) = M(—Lgy) > —o0

implies

Q(M, [go]) > —oo0.

Proof: Recall that 2 2
QM. [go]) = nf A 1Voul +cRoutdVh
) u>0,ue H! (f’u,%dvb)"T_Q

and

2 2
M= inf [ IVoul? + cRyu dVb.
u>0,ucHL fu2dV0

Taking any w > 0,w € H'(M, go) we have

¢ JIVouw* + cRow?dVy ¢ [[Vow® + cRow’dVy  [w?dVj

(Jwrdvg)=  JudW (w2 dv) "=
A [w?dVy

n—2 "

¢ (fwrEdVp) s

>

Now taking the infimum over all w > 0 in H' we get

A . w2dV,
QM g > 2L g Lwrd
C w>0,weH (fwn72 dVo)T

Noting that A\; > —oo and

2dV;
fw 0 D) < V(g())% < 00,

0< inf 5
w>0weH! ([ qyn-2dVp)“m

we get our result.
Q.E.D.

Proposition 1.4.5 \(—Ly) and Q(M,[g]) are of the same sign.
Proof: Holder’s inequality implies

2 2112
||lu ||L1(M,g) < (V(g))n|lu ||Ln_712'(M,g).

Thus,
2
1 (V)
2 — 2” )
[, 2 gy T2l o
where X is a Lagrange multiplier. Its non-trivial solutions provide us with metrics g := uTz go such that Ry is
a constant (namely Ry, = -“5)). Moreover, multiplying the above equation by u and integrating, we get that

the sign of X is determined by the sign of [, %|Vou|2 + Rou’dVy. Hence, showing that the Yamabe invariant is
achieved, resolves the Yamabe problem. Moreover, the sign of @ determines the sign of out metric with constant
scalar curvature obtained from the solution to the Euler-Lagrange equation.
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If I(u) > 0 for all u, then for any u > 0,u € H' we have

2
U _ HVig) W
[, gy T2

which implies
2
Vv n
0< QU [o) < xi(-r,) T2
If I(u) is negative for some u > 0,u € H', for such u

Hw V(@)W

g Iz

J[u?l

which implies

2
0> QU [g) > x, T
Thus we must have either )
0> Q29" (1.6)
or ‘ ,
0<Q< Alv(z)z (1.7)
Here we note as the fact from the previous proposition:
Q> inf [ u*dvs __ (1.8)

1
C u>0ucH!? (f u%dVo)T

If \; <0, then —Lgu; = A\juq, for some u; > 0. Thus I(u1) = [ MuddV, <0 = Q < 0. If \; >0,
then by (1.8) we have @ > 0. If Q@ < 0, then (1.6) implies A; < 0. If @ > 0, then (1.7) implies
A1 > 0.

Now suppose Q = 0 and A; # 0, then if A\; < 0 then we can find a metric with R < 0 = @ < 0.
Thus the only possibility is that A; > 0. However, By the Sobolev inequality, we have
||u||Ln2__n2 < C||Voullge for u € H} (M, go) for some constant C. This then implies that

W > % Now since R, can be chosen to be positive, we then get () must be positive (and

Ln—
1

no less than ﬁ)

Lastly, if A; = 0, then clearly (1.6) and (1.7) force @ = 0.
Q.E.D.

Now we establish a result we have stated in the introduction, in the following proposition.

Proposition 1.4.6 If M is a compact manifold, then M admits a compatible metric whose scalar
curvature does not change sign. The sign is uniquely determined by the conformal structure, and
so there exists three mutually exclusive possibilities: M admits a compatible metric of positive,
negative or identically zero scalar curvature.
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Proof: The three possibilities are distinguished by the sign of A, the first (smallest) eigenvalue
[ |Vu|?2+cRu?dV

of the negative of the Conformal Laplacian L = —L4. (Note that A; = infy,~¢ TV .) Let
u1 > 0 denote a positive eigenfunction.
_4 _4
We define § = u"~*g. Then the metric § = u;'~>g¢ has scalar curvature of one sign, since
An—1) =22
4(n —1) —nt2
=——u, " Mu
n—2 1 Eat
4(n—1 _4_
= MAIU n—2 .
n—2

If Ay > 0, then Q > 0 = there doesn’t exist a metric § € [g] such that Rz < 0.

Now suppose Ai(—Lg) < 0 and 3§ € [g] such that Rz > 0. Then clearly, for v > 0 in H' we have
/ —vLgvdVy = / \V50]* + cRgv*dV > 0

which implies () > 0, which is a contradiction.

If \y =0, then Q = 0 and 3§ with R3 = 0. Then take any § € [g], § = uﬁg and

n+2
R; = —%u_rf?Agu. If R; is of one sign, without loss of generality Ry > 0, then Aju < 0 =
0 < [ AgudVz = 0, which is a contradiction.

Thus the sign of \; determines the sign of Rj.
Q.E.D.

1.5 A Relationship for A, and A,

In local coordinates ) 9 5
Ngf = —— —{g"™\/detg;; — f}.
o = e lZm: 5 19V detgij 1}

Thus, if g = eVgp, then we have
DNgf S L E o {e_vgém\/det(go)z’jegv 0 f}
Vdet(g0)ij 1 m Oy Ozm
n 1 0 n 0
_ 20 (2-1)v lm .
—6275—62 4/ det ii——
det(go)Z] ‘- axl{ 9o (90) 7 axmf}
. n 1 n__ (9 8 Bf (9’1) n n_
_ v (-1 lm » lm . v (-1
e 2 det(go)zj ;m:{e 2 o, (90 \V det(go)m Oz f) + 90 \V det(go)m 9z, Oz ( D) 1)6 2 }

. T m Of Ov
=e "Ny f te (5—1)296 O O
lym m

=e "Ny f+ (g —1)e7™" < Vg, f, Vgov > .
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1.6 Harmonic Functions on Manifolds without Boundary

The Divergence theorem tells us that for any C? function f on M we have / v DgfdVy = 0. Since
0G(fH) = fAGf — |V f[?, we have Jag fOgf = |Vgf|?dVy = 0. This then gives us the following
theorem.

THEOREM 1.6.1 If Ayf >0 (or equivalently, < 0), we get that Ayf = 0. Moreover, if
Agf =0, then f is constant.

Proof: Since [,, AyfdVy =0, we must have Ayf =0 whenever Agf >0 (or < 0). Thus, the
above observation then gives us [,, |V, f12dV, = 0. Thus V4f =0, and therefore f is constant on
M.

Q.E.D.

THEOREM 1.6.2 If f is a non-constant function satisfying Ngf = cf, for some c # 0, then
c>0.

Proof: By the above observation, we must have [, cf? — |Vyf[2dV, =0 = ¢ > 0.
Q.E.D.
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Chapter 2

Short Term Existence and Uniqueness
of Solutions

2.1 A Parabolic Model for (1.2)

4 4
Let ¢ = ¢(n) := 4(';__21) and g := u»-2gy = un—2gg. Note that any subscripts which are 0 are
subscripts representing quantities with respect to some fixed background metric gy, which may
represent g|;—o or a metric with Ry, of a specific sign. If Lou = Agu — cRou, then

R=R, = —%% We’ll show

un—2
ur3 2
n—2 n+2
uBt - 5 (n — 1){Lou + csu"_J—r2} (2.1)
n—

4
We first note that under the assumption g = u»-2 gy, equation (1.2) reduces to

4 4
%um = (s — R)un—2, or simply —258,u = (s — R)u. However the form stated in (2.1) is more

useful for calculations.

From (1.2),
2 (') = (s — Ry,
or simply \
- i 2un_2 hu = (s — R)uﬁ
Thus,

= — R n—2
(s - Ry
n+ nt2 n+2 nt2 1 Lou
— 4 sun—2 -|— 4 un— — iz

19
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_ n1—25u%g+ (n+2)(n—1)

L
n—2 0%,

which establishes (2.1).

Note that we may actually study the unnormalized Yamabe flow

0
—g = —R 2.2
529 g (2.2)
Here, the parabolic model for is
0, n+2 n+2
—(un-2) = L 2.
Srh) = Lo (2.3

We will now show that a solution to this simplified problem actually yields a solution to our
original problem.
2.2 Short Term Existence for Parabolic Problems

Consider the following Parabolic problem

ug = F(z,t,u,Vu,V?u) on M x (0, 00),

u(0) = wy onM, (2.4)

with F,uy € C*.
The linearization of (2.4) at (¢,v) is given by

d
L(t,v)p = —F (2,10 +£p, V(v +€9), V2(v + €p))|s=o-

If L(t,v) is elliptic on M, then we say that (2.4) is parabolic at (¢,v) . We now prove a local
existence result for (2.4).

THEOREM 2.2.1 Suppose (2.4) is parabolic at (0,up), then there exists € > 0 such that (2.4)
has a unique solution u(z,t) for z € M, t € [0,¢e]. Moreover, u € C*®(M x [0,¢]).

Proof: First (2.4) is parabolic at (¢, u) uniformly with 0 <# < Tp and |lu — wol|c2(ary < do, for
some T > 0, and &y > 0.

Let v be the solution to

Uy = L(O,’U,())’U + F(.’L‘,O,’U,(), V’U,(), VQ’U,()) - L(O7Iu'0)u01

v(0) = uo. (2.5)

We note that
lv(t) — wollc2(ary < o
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if ¢ is small, say 0 <0 < T.
Define Q7 := M x (0,T]. Let 0 < @ < 1. Define
X ={z € C***'5(Qr) : 2(2,0) = 0},
Y = C*%(Qr).
Define D: X —Y by D(z) =P(v + z) — P(v),
P(u) = F(z,t,u, Vu, Viu) — uy.

First D(0) = 0.
D'(0)z = L(t,v)z — 2z, z€X
D'(0) : X — Y is invertible because D'(0)z = k, z|;=o = 0 is invertible.

By the inverse function theorem, 36 > 0 such that if ¥ € Y with ||k:||$;5) < 0, then there exists a
unique function z € C****% (Qr) satisfying

D(z) =k, 2(,0) =0.
Let u=v + z, w = P(v), then u € 02+a’1+%(QT) and

Plu)=w+k on Qr,

u|t:0 = Ugp-

Now we want to show P(u) =w + k =0 for 0 < ¢t << 1. Choose a cut-off function : R — R,
n(t)=1fort <e, n(t) =0"for ¢t > 2e, and 0 <75 <1 for all t. Also |n(t)| < % for all ¢. Thus we

(%)

choose k = —nw. Now ||k||5,*" < é. If € is small, choose a < 8 < 1, then

(2,3) g-a  (8,5)
Inwllg,*” < Ce > lwlg,”

Thus we get the desired result.
Q.E.D.

2.2.1 Short Term Existence of Solutions to (2.3)

Since (2.3) is a strictly parabolic second order quasi-linear partial differential equation, assuming
our initial function uy is sufficiently regular, we get that a solution u of (2.3) exists for at least
small time £, and is sufficiently regular.
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2.3 Solving a Parabolic Problem to Establish Existence of
Solutions to (1.2)
Let g be a solution to the initial value problem

9

_ 2.
8tg Rgg ( 6)
glimo =¢° telo, T

We want to produce a solution to

9 = (s5— Bg)g, (2.7)

g't:O = go, te [O,T]

Let
9(z,t) = p(r(t))g(=,7(t))
with 1 (¢) > 0. Then

1 1
Rg(l"t) = ’lﬁ(T(t))Rg(w’T(t))’ Sg(t) = Q/J(T(t))sg(T(t))

Now,

. 0

ge(z,t) = S AP(7(2))g(z, 7(t))}

=P (1(t) 7' )g(z, 7(t)) + (7 (2)) gz, 7(£))7' (2)
=P (1(1))7' (t)g(z, 7(t)) — (7 (1)) Ry(z, 7(t))g(z, T(t))' (t)

We need

gt(xat) = {Sg(t) - Rg(xat)}g(mat)

= {84(7(1)) — Ry(2,7(1)) }g(x, 7(1))-

Thus we shall require 1 (7(t))7'(t) = 1, so we shall take 7 the unique solution to

that is, t = [ 4(o)do.

However, we also need
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Thus, we take ¢(t) = elo sa(0)do Hence, we get a solution § to (2.7), for t € [0,T] for any T so
that 7(T) < T*, using our solution to (2.6).

Likewise, we would like to produce a solution to (2.6) assuming we can solve (2.7).
Now, we let g(z,t) = p(€(1))3(z, £(t)) with ¢(t) > 0. Then, Ry(z,) = D) ang

e mG0)
sg(t) = Sty

Now,
0 ~
gu(x,) = 5 {w(€(1))g(z,€(2))}
= ¢'(§(1)E' (. £(t)) + (&) g (x, £(1)E (2)
= ¢'(£(1)E (1)g(z, (1) + o(€()){s5(£(2)) — Ry(z,&(8))}g(z, ()€ (2).
We need

gt(ma t) = —Rg(w,t)g(a:, t)

= _R§($a é(t))g(.’L‘, f(t))
Thus we shall need p(£())€'(t) = 1, so we shall take £ the unique solution to:

o1 _
¢=cm 0=0

that is, & = £(t) satisfying ¢t = f0§ o(o)do.

However, we also need:

Thus, we take ¢(t) = e~ Jo s3(0)do Hence, we get a solution g to (2.6), for ¢ € [0,7™*] for any T* so
that £(T*) < T, assuming we can solve (2.7).
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2.4 Short Term Positivity of Solutions to (2.3)

Assume that u is a C? solution to (2.3) with ug > 0, i.e.:

4
Z—fgumatu = Ngu — cRyu on M x [0,T],
’u,‘t:() = ug > 0,

where ¢ = ¢(n) = 4(';—__21) and infp; ug > 0. We will now use a compactness argument to establish

that u > 0 for positive time.

By continuity of u and the fact that infy; ug > 0 we have that for each x € M Je(z), t(z) such
that u > 0 on B,(4)(z) x [0,%(z)]. The collection {B,(y)(z)}zem is an open cover for M. Thus by
compactness of M there exists a finite sub-cover, say {B.(,)(7:)}i2;. Letting 7 = mini<;j<m t(z;)
we get u > 0 on M x [0, 7].

2.5 Uniqueness of Solutions to (2.3)

We know that for ug > 0 and for 7" small, the solution u of

U Opu = M{Aou — cRyu} on M x[0,T], (2.8)

Ulp=0 = uy > 0,

remains positive. Suppose that there exists two positive solutions u, v of this initial value problem
(2.8), and let w := u — v. Then we have on M x [0,T]

2 2
i{Aow — cRyw} = nt uﬁatu -

4
n—28
4c(n) n—2 n—2" tv

2 2
_nt uﬁatw+n+ uﬁatv—
n—2 n—2 n —

2
nt 21)%650

n+2 _4 n+2 4 4
e n—2 n—2 — pn—2
= U 8tw+n_28tv(u v7=2?)

2 a4 2 ld 4
= n+2un£26tw+ n ﬁtv/ —(zu+ (1 —z)’u)n:dz
0

n — n—2 dz
2 4(n +2 ! —n
= Zi—2un4—28tw+%atv/o (zu+(1—z)v)’61f2dz-w.
Therefore w satisfies
1 4 ! n —2 1
w = n—f; Aow—{iélatv/ (zu+(1—z)'u)?%T2dz+ (n=2)(n + 4)R0}-w
un=2 (n —2)un—2 0 4(n — 1)un-2

=alow — bw on M x[0,T]
w\t:() =0

We note that a > 0, b are continuous functions.
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Consider @ := e *Mw. Then 0y = —Ae Mw + e Mow = e M{aLow — bw} — e Mw =

alNgw — (b+ A)w. Thus by choosing A > 0 sufficiently large, we have b+ A > 0. If w is not
identically zero on M x [0, 7], then by otherwise interchanging the roles of u and v we may
assume that w > 0 somewhere. Thus @ will have a positive maximum somewhere in M x [0, 7],
let (y,7) denote such a point where the maximum occurs. At (y,7) we have 0@ > 0 and

Ao < 0. Therefore, at (y,7): 0 < Oy = alow — (b+ A)w < —(b+ A\)w < 0. This is a
contradiction. Thus @ = 0 = w = 0 = uniqueness.

2.6 Uniqueness of Solutions to (1.2)

Above we have established the uniqueness of solutions to (2.2). We will use this to establish
uniqueness of solutions to (1.2). Suppose we have two solutions h, k to the IVP (1.2) for ¢ € [0, T].
Let g be a solution to the unnormalized IVP (2.2) for ¢t € [0, T™].

Then there are positive increasing functions of ¢ 7(t),£(¢) satisfying 7(0) = £(0) = 0 and positive
functions of ¢ 1 (t), (t) satisfying 1(0) = ¢(0) = 1, so that we have

Wz, t) = ¢(7(t))g(z,7(t)),
k(z,t) = o(E(t))g(z,£(2))-

We find a function 7(t) so that £(n(t)) = 7(¢). Now, 0 < 7/(t) = %{f(n(t))} =& (n(t))n'(t) =
n'(t) = Ul (())) > 0. Moreover 0 = 7(0) = £(n(0)) = n(0) = 0.

e @0)
_ _p(r(t
k(e n(0) = rO)g(e: 70) = S0 n(e,
= h(z,t) = r(t)k(z,n(t))-
Moreover, we also have Ry (z,t) = W and sp(t) = %
Now,
h’t(xa t) = {Sh(t) - Rh(xa t)}h’(xa t)
= {sk(n(t)) — Ry (z,n(t))}e(z,n(?)).
Also,

) = g (r(Oh(z,n(0))

= r'(t)k(z,n(t) + r(t)k(z,n(t))n' ()
")k (z, (1) +r(®){sk(n(t)) — Ri(z,n(t) Y(z,n())n' (2)-

Comparing the two, we must have

Ry(z,n(t))[1 — r(t)n'(t)] = sk(n(t))[1 —r(t)n' ()] — r'(2).

<3
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The left hand side depends on z, and unless r(t)7'(t) = 1 we must have Ry(z,-) = sk(-). In this
case we will have 7'(t) = 0 and thus r(¢) = r(0) = 1. But in this case we also get h¢, kt = 0 and
thus h = k.

Thus we consider the case where 1 = r(¢)n'(t). But this then forces ' = 0 = r(t) = Constant.
However, from our definition of r, we see that r(0) = 1. Hence we get 7'(¢) = 1. But 7(0) =0, so
n(t) = t. Thus we have established uniqueness of solutions.



Chapter 3

Evolution of the Scalar Curvature

4
Let g = un- 2go and h =vn—2g = (uv)n 2gp = wn— 290 Then, R, = v - 2( 1Agv+R v) =
w - i (— L Agw + Row). This relationship then gives us the following invariance property:

_n+2

(Ag —cRg)v =u" n2(Ag — cRy)(uv).
When stated in terms of the Conformal Laplacian Ly = A, — cR,4, we have

_nt2
Ly(v) = u™ 2 Lo(uv)

Now assuming u = u(z,t) and g|;=9 = go we get

4 4 Ut 4 4 Ut

:8 n—2 = Iy n=2
gt t(u )go n—2 uu g0 = —2u

—g.

Taking the time derivative of R = Ry = u n+2( L Aou + Rou) we get

Rt—a{u n— 2( A0u+R0u)}
2 n
__nt Eufn_%( A0u+Rou)+u n+2( Aout+Rout)
n—2u
2 n —
:—n+ Rﬂ _%(—Aout—f-Rout)
n—2 u c
n—|—2 Ut -1 u Ut
— SR+ (— Dy + Ry=
n—2 wu (c I u + gu)
2 -2 -1
:—”I Rls — B) + ““(—Ay(s - R) + R(s - R))

=(n—1)A¢R+ R(R — s).

Next we then compute the evolution equation for the average of the scalar curvature s = s, =

v Jur BydVs-
. o [ RAV
L TR 74

1 2n Ut
== | RdV+ - ———— | R—=dV
|4 / v (n—-2)V / u

27
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:%/(n—l)AR—}—R(R—s dV+—/Rs—

——/ R—s5)av — 2 [ R(R - s)av

n—2
=3y MR(R—s)dVg

R—s)dVg—s/ R — sdVj)
M

n—2 9
5V /M |R — s|“dVj.

Thus the evolution equation for s = s(t) is given by s; = —"2—;/2 [os IR — s[?dVy.

THEOREM 3.0.1 s is bounded from below.

Proof: Let u > 0 be given. Thus, Q(M, [g]) < S(g) = @. Also, since the conformal
Vig

)7
invariant Q(M, [go]) > —o0, we get —oo < Q(M, [go]) < S(g) = (V(g))%
Yamabe flow, V(g) = V(¢°), which we shall call V. Therefore, s, > QM
Q.E.D.

,—Cn

¢- But in the case of the
9o])

> —00.

<
S|

Next we show that R(-,t) is bounded in L? for all p, uniformly in ¢. We do this via a sequence of
theorems. !

THEOREM 3.0.2 R(-,t) is bounded in L%(M,g(-,t)) uniformly in t.
d n d n 2n
J— 2 — — 29y n—2
o [ IRV = & [ IR uav,
a n 2n
= — 2qun—2
/ o (IR|3uE)avs
n Ut

= [ SRSy + 2 [ R tay

Proof:

= %/sign(R)|R\nz2thV + g / |R|% (s — R)dV
= g/sign(R)|R\"52((n —1)AR+ R(R — 5))dV + g / IR|% (s — R)dV

_ @ / sign(R)|R|"T> ARV

'Here we will assume that there exists a C > 0 such that = ¢ < u < C. This assumption is justified, since we will
demonstrate this later using methods that don’t require this result. The following results are needed to show rates
of convergence of our solution, after we establish that u is uniformly bounded.
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:_W/<V(sign( )|R|"72), VR > dV
B 14 /|R| Y| VR2dV
4(n —1)(n

S - /|V|R|4 |?dV < 0.
Q.E.D.

n2
THEOREM 3.0.3 R(-,t) is bounded in L3»-3(M,g(-,t)) uniformly in t.

Proof: By theorem 3.0.2, we have
d n 4(n—1)(n -2 n
—/|R|2dV:— (n = 1)(n )/|V|R|4\2dV.
dt n

Therefore, for any T' we have
T+1 . T+1 .
/ IV|R|7|3.dt = / / |V|R|%2dV dt
T T

= _ 17)7/(,” — 2) {/ |R(5T)|%dvg(,T) — / ‘R(,T + 1)|%qu(-,T—|—1)}

4(n
T " T .
= [ ISRt = / [ wim pava
0 0

- o Z{/m o= [IRGT+ D)

4(7’L—1)(n—2){/|R('50)|%dV( 0) /|R 2dV )}

/|R )2dV =: C;

- 4(n —1)(
Now, this implies (by way of the Gagliardo-Nirenberg-Sobolev inequality) we have

T+1 .
R|1||?,dt < Constant
Il L
T

T+1 .
/ |V|R|%]|2,dt < Constant.
T

Hence, the Sobolev inequality yields?

2One can establish that 3C > 0 such that & < u < C (we will show all of this later). As a result, the metrics
g(+,t) are uniformly equivalent for all ¢. This glves us control of the diameter, the injectivity radius, and the constant
in the Sobolev inequality. Note also that the assumption that u is bounded is okay, since the results which we are
trying to establish about the boundedness of R are not needed until after the boundedness of u is established.
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T+1 n T+1 .
/ IR, di= / IRIH|2 o dt < Co.
T T Ln=2

LIn=2

Now we compute % [ |R|PdV

d p _ d »
IRl = 5 [ 1RPav

_i/m‘p 23 dVe
di Y 0

_ / (| RPu2)dVy

_ /8t(\R|P)dV+ n2f2/|R\P%dV
—p / sign(R)|R[P"R:dV + g / IR|P(s — R)dV
. / sign(R)|BIP ((n — VAR + R(R — s))dV + / [R]P(s — R)dV
— p(n—1) / sign(R) RP~ ARV + (p — ) / IRIP(R — s)dV
p(n— 1)/ < V(sign(R)|RIP™), VR > dV + (p — ) / RP(R — s)dV

= —p(p—1)(n—1) /\RV’ 2|VR|2dV + (p /\R|p —5)

4(n — 1)(
__4n ; /|V|R||dV+ /|R|p 4

Now, for p > 2 we have

IRE ysa < O [ IVIRIEFQV -+ IR

for some C' > 0 independent of .

-1 1
=~ [IVIRIEPAV < ZIRE s + GINRE
C C
1 3 2
GVRIE, < = ZNRIE Ry + CIRE: + C [ IRPIR - slav
1
<~ IR Bys + CINRIEN: + C [ |RP*av + Csupls| [ |RPav

1 22 p p+1
<~ IRIEn2ang0) + CIRE s g + CIRIE s gy = A
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Now, Holder’s inequality implies

/mwvsa/mwwm#

< C/ |RPT1dV 4 Constant.
Now , using this we get (after possibly increasing C)
1 p +1
A < =SR2z + ClIRIT, 0 + C.
Now, by Sobolev we have
P P

I1R|2[[fy1.2 > C||R]> IIi% = ClIRI 1,
Therefore,

d P 1 P p+1

21 Blize < —GIBI on + CllRll 51 +C.

Next we use the following interpolation inequality:
Assume

1<s<r<t< >0, —=—4——,
and u € L* N L!, which implies v € L™ and
-0
lullzr < el gsllull

Therefore using s = ¢, t = ;5% and r = p + 1 we get

—0
CIRIE, < ZHIRIP 4 + CIRIE VIR0 4 .

S

% = 1. Writing ab = (p'e)?" - —2,

Young’s inequality gives us : ab < ap, + b, ,a,b>0 and T
(p'e)?

/!

b7 .

we then get that ab < ea? + y

q’(p’s)?

Now, we use this with a = ||R||(1_L2;(p+1) and b= ||R||Lp+1 Also, we require that
Ln=

PAl-0)p+1)=p=>p = (1_0)’%. Moreover, we need p’ > 1, so we will require

(1-0)(p+1) < p. Then we get that ¢’ = pf’j = 0(p+p1)_1.
Thus we get
8(p+1) (p+1 D 1 6?23?;31)1
ClIR| La IIRII < CLellBIF oo, + ——— RIS
¢ (pe)”
Hence, picking ¢ = é
1+2—q/’ 6(p+1)p
C 'r
IIRIILp < IR + G

L
7

q(p')r
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or simply,

d 0(p+1)p

SR, < ClIR|Z ™ +C
Note that here we require ¢ > 2 and 6 given by (9(% -2y = 1% — -2 Moreover, f(p +1) > 1
< q> 5. Now taking g =p = 2;}; we obtain

n2 n(n—1)
||R||2" E <C||R|| "s +C.

— n—
n2

Letting y = ||R| - n~% , this is just

n—

d
< n .
dty C’y + C

Thus it follows that
d
ay
y+1

d
] 1
ﬁ%w+)

B y+1

<Cy' +C.

T+1 »

But we have shown that VT, f y%? dt < C. In particular, 3t € [T' — 1,T] such that

y(t) = f <. Therefore,
T d
log(y -+ 1)lr ~log(y+ Dle = [ 2-Togly -+ 1)dr
T n—2
< C/ y »n +1dr
t

< Constant.

Using that log(y + 1)|; < Constant (independent of T"), we get our result. Therefore y < C, for
some C' > 0 independent of ¢.
Q.E.D.

THEOREM 3.0.4 The scalar curvature R is bounded in LP(M,g(-,t)) for all p > 2, and
independent of t.

Proof: From theorem 3.0.3, we know that
(p+1) 1-0)(p+1
CIRI, < ZHIRIP 4 + CIRIS VIR 4 0
for all p,q > 2. For q = 2773—_4 we have ||R||z« < C, by the previous theorem.

From this it follows that (here assuming p + 1 > ¢ also)

0)
SR, < ZHIRIP 4o, + CIRICDO) 1 0
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Since g > §, we have 6(p + 1) > 1, and hence (1 — 0)(p + 1) < p. Young’s inequality then gives us

d 1

- p _ = p

LRI, <~ ZIRI? p, +C
for some constant C.

Therefore || R||z» is bounded.
Q.E.D.

THEOREM 3.0.5 ||R(-,%)||zeo(a,9(.)) % bounded, independent of t.

Proof: Since V(g) =V < oo, for each ¢ fixed we have

IR, D)l oo (a1,g(-,1)) = limpso0 [R5 )| 2o (ar,g(-,))- Also, [|R(-, )| o (ar,g(-,1)) < C, independent of ¢.
Therefore, we get our result.

Q.E.D.
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Chapter 4

Dini Derivatives and Lipschitz
Continuity

In the following, we present some notions and results from [8]. If f(¢) is a Lipschitz function of ¢
which is not quite differentiable, we say that

ﬁ(t)gc if limsupw

<
dt S h =6

where we take the lim sup over all forward difference quotients.

Likewise, we say that

ﬁ(t)zc it limingLCFN =0

dt h\0 h

where we take the lim inf over all forward difference quotients.

2 ¢

Now, for f,g Lipschitz, we say that

ﬁ(t) < dg (t) if limsupw

dg (t+h)—g(t)
dt — dt RN\ h

. . .9
< lim inf
~ RN\ h ’
with the above limits taken over all forward difference quotients.

The first result that we shall note is the following lemma

Lemma 4.0.1 If f(a) <0 and %(t) < 0 at the t-values such that f(t) > 0, for a <t < b, then
f(v) <0.

Proof Let £ > 0, we shall show f(t) < e(t — a) on [a,b]. Let £ > a be the smallest value of

t € [a,b] such that f(¢t) = 0. Thus if z > a we have f <0 on [a,z), and hence f(t) < e(t — a) on
[a, z]. Since lim supj\ o w < 0, we have that 3§ > 0 such that for h € [0, ]

w < e. Thus, we have f(z + h) <ech <e(z+h —a). Let a <t < ¢ be the largest such
interval with ¢ < b such that f(¢) < e(t — a). By continuity of f, f(t) < e(t —a) on [a,c]. If ¢ < b,
we must have f(c) > 0 and thus limsup,\ 4 w < 0. Thus, 36 > 0 so that for h € [0, 4] we
have w <e= f(c+h) < f(c)+eh =¢e(c—a)+eh = e(c+h—a). This is a contradiction,
unless ¢ = b. Thus f(t) < e(t —a) = f(b) <e(b—a). But € > 0 was arbitrary, hence f(b) < 0.

35
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Q.E.D.

Corollary 4.0.2 If f(a) > 0 and % >0 on [a,b], then f(b) > 0.
Corollary 4.0.3 If f(a) <0 and ‘;—j; <cf on [a,b], then f(b) <O0.
Proof: Let g(t) := e ' f(t), then

gt +h) —g(t) _ e Mt +h) —e ()

h h
e i h) )
B h
—ch
:e—ct{e—chf(t-l_hf)b_f(t)+f(t)e h_l}
Thus, we get
—ch __
111;1\SSIPWL})L_M — 11%1\8(1)11) e—ct{e—chw TS - 1}
_ —ch __
< e “limsup Fe+h - 1) + e ° f(t) limsup ¢ 1
h\0 h h\0 h

<e ef(t) —cf(t)e™ = 0.
Thus, % <0 = g(b) <0 = f(b) <0.
Q.E.D.
Corollary 4.0.4 If f(a) < g(a) and % < % on [a,b], then f(b) < g(b).

Proof: Let k = f — g, then k(a) < 0. Thus we only need to show that % <0 on [a,b].

dk (t+h)—f@) glt+h)—g()

(t) <0 = lim sup{ !

= WNO h h b<0.
However,
limsup{ LM =IO gl+h) =9(®), o SR =IO e 9P Z9(),
ANO h h RO h N h
—limsup LEER T S@ g 9 —9®)
R\O h AN h

by assumption.
Q.E.D.

Let g = g(z,t) be a locally Lipschitz function, where z € R* or M. Let
f(t) = sup{g(z,t) : £ € Y,Y compact}.
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Lemma 4.0.5 f(t) is locally Lipschitz.

Proof: By compactness of Y, we may choose y = y(t) so that
ft+h) = f(t) =gyt +h),t+h) —g(y(t),?)
<gly(t+h),t+h) —g(y(t+h),1)
= lg(y(t+h),t+h) —g(y(t + h),1)|

< CIhl,

where C is so that w <Cforallz €Y, and all t € [0,T]. Likewise,

ft+h)—f(t)=g(y(t+h),t+h)—g(yt),?)
> g(y(t),t +h) —g(y(t),1)
= —lg(y(?),t + h) — g(y(?),?)|

> —C|hl|.
Therefore,

|F(t+h) = f()] < sup |gs][R],
(0,71

3

where we restrict ourselves to ¢ € [0,7"]. Therefore f is locally Lipschitz.
Q.E.D.

Lastly we have
Lemma 4.0.6 Z—J;(t) < Sup{%(y,t) ty € Y(t)}, where Y(t) = {y: g(y,t) = f(t)}.
Proof: Choose a sequence of times {¢;} with ¢; N\, ¢ for which

i\t t;—t RN\O h

Choose y; € Y with f(t;) = g(y;,t;). By otherwise passing to a subsequence, we may assume
y; — y for some y € Y. By continuity, g(y,t) = f(t), so y € Y(¢). Since g(y;,t) < g(y,1t), we have
f(t;) — f(t) < g(yj,tj) — g(yj,t). By the Mean Value Theorem, 3T} strictly between ¢; and ¢ with
g(yj,t%)—g(yjat) _ %(yj’r_p_)_

yan
Since T; — t we also have

L T = 1) _ 9

).
o = S5



38 CHAPTER 4. DINI DERIVATIVES AND LIPSCHITZ CONTINUITY

Q.E.D.
Corollary by replacing g by —g we see that for f(t) = inf{g(y,t) : y € Y, Y compact} we get

Corollary 4.0.7 g—fz(t) > inf{a—?(y,t) cy € Y(t)}, where Y(t) = {y : g(y,t) = f(t)}.



Chapter 5

Convergence of the Flow in the Scalar

Negative Case

We now consider the case where [go] is scalar negative. Assume g is a metric so that Ry, < 0.

Let g° € [go] and suppose g satisfies

%g =(s—R)g, on M x[0,T%),

g\t:o = 90-

4
Writing g = u»-2 gy, we have that u satisfies

_4 1

0 4
E’U/"—2 = mAgou — R!]O + s(t)un—‘l,

where ¢ = ¢(n) = =T

Define umin(t) = minge s u(z, t), and umax(t) = maxzens u(z, t). Then the following holds

Lemma 5.0.1
= ]
i () > mim | Ro| + s(t)u g (1),
and
_4
duia

4
(t) < max |Ro| + s(t)ushax (t)!

dit
Proof: Let X(t) = {z : umax(t) = u(z,t)} and z(t) = {z : umin(t) = u(z,t)}. We get

4

d”‘d%(t) > inf{%uﬁ(x,t) o a(t)}
: 1 I ()
= 1nf{onu(x, t) — Ro(z) + s(t)ur (1) :z € z(t)}

39

(5.1)
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_4
> min [Ry| + s(t)u>> ()

and
d’l,ljl;;;x (t) S Sup{%uﬁ(x’t) T € X(t)}
1 TP
— {onu(w,t) — R()(.Z‘) + S(t)umax (t) SRS X(t)}
< max |Rg| + s(t )Ufﬁ:i(t)
Q.E.D.

Since s(t) > QV(gO)_%, we can replace lemma, 5.0.1 result with

4
du>? ) _2
i (1 > min | o] ~ QIV Fugiz (1)

where here V = V(¢°) and g|;—q = ¢°; thus giving us the following lemma

Lemma 5.0.2

4

! min |Ry| 2 u”=2(0)

u">2(t) > min ", .
Proof: We have for some C7,Cy > 0 that
d _4 4
dtumm ( ) >C1 — C2uITl'LllIf (t)
d eCat = Cot __ d Ci eCot _ Ci e
"2 (1)) > Cre™? 2 "= (0
= dt( Umin ( )) =z L€ dt(CQ Cg + umm( ))
4 C C 4
CQt n—2 1 Cot 1 n—3
= t) > — - - (0
umln ( ) — 02 € 02 + umln ( )
4 4
S w02 OO0+ - e,
2

4 4

But for ¢ < logf we have e=2! > £ = w22 (t) > 1u7:2(0), and for t > 1%%2 we have

4
= c
upis (t) > 205"

Q.E.D.

Then using that s is non-increasing, we get the lemma 5.0.2 can be strengthened to read

4
dumax

dt

This then gives us the following lemma

4 4

(t) < | min Ro| + s(0)umax () < |min Ro| + |s(0) lumax (t)-

Lemma 5.0.3

4 4
Umax (t) < Umax (0) Bt’

B > 0 independent of the interval to which we have u certain to exist.
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Proof: There are constants Ci,Cy > 0 such that

d -4 4
ﬁuﬁbﬁf{ (t) < C1 + Cougax (1)
d —Cat %2 —Cat d Cy —Cat Cy %2
- 1'71%1 (1)) < Y= —(—— 2 -~ 1’7;1 X 0
= dt(e umax (t)) < Cre dt( 026 + G + umax (0))
_ 4 Cy _ C =
= € Cat IrTlla)Z( (t) < _ée Cat + F; + ma)Q( (O)
= ua (t) < e“?'uinz(0) ﬁu — et < (uf2 (0) + ﬁ) Cat
C2 02

Q.E.D.

Thus we get that there exists C' > 0, independent of the interval to which we have that u exists,
so that

1 (n—2)B
—<u<Ce & !
c="=

This then implies that u exists for all time ¢.

Conservation of volume implies

and hence o
2n
V(g0)

Thus if s > 0 V¢, then lemma 5.0.1 reduces to

4

A2 d wos
%(t) > min |Ry| = E(tmiano\ + tpy (0))
which implies
_4_ 4
Uhin () > ulp? (0) + tmin [ Ry).

Thus we must have s < 0 eventually. Therefore we may assume s(0) < 0, this then gives us the
following refinement of lemma, 5.0.1

4

dutiax

dt

4

(t) < max|Ro| — |s(0)|urmax (t).

This then gives us the following result.

Lemma 5.0.4 . . R
— — max
Wil (1) < uied (0) + 22X IBol

and thus there exists a C > 0 such that % <u<C.
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Proof: There are C1,Cy > 0 such that

4
dusax

dt

4

(t) < C1 — Courmax (t)

4 Croon_ O by

d Cat i2 Cot -
7 max < » = —~ m
= (6" umax (t)) < Cie dt(Cg G + Umax(0))

dt

Q.E.D.

Then we proceed to show that u(z,t) converges smoothly at an exponential rate to some function
4

Uso () as t — 00, and letting goo = ul 2go, we have R,., = Constant,which must be negative. To
see this, we examine %R =(n—-1)AR+ R(R — s).

We define Rmin(t) = supgeps R(z,t) and Rmax(t) = infyens R(z,t). Since M is compact, the
infimum and supremum are achieved, and let z(¢) = {z : Rmin(t) = R(z,t)} and

X(t) ={x : Rmax(t) = R(z,t)}. Also, % of Rmax Or Rpin is in the sense discussed earlier for
functions which are not necessarily differentiable, but Lipschitz continuous.

Lemma 5.0.5 —C < R|i=¢ < —¢ < 0 implies

U 1) > Ruiat) B (1) = 5(0) 2 (0) Ruia(1) — 5(0),
and iR
P (1) < e (8) R (1) = 5(0)) < —e(Fana(t) = 5(0))-

Proof: We have,

dRInin
dt

(t) > inf{%—}:(x,t) 1z € z(t)}
= inf{(n — 1)AR(z,t) + Rmin(t)(Rmin(t) — s(t)) : z € z(t)}

> Ruin () (Rmin () — 5(t)),
and

dRmax
dt

(1) < sup{ o (a,) = € X (1))
= sup{(n — 1)AR(z,t) + Rmax(t)(Rmax(t) — s(t)) : z € X(t)}

< Rax(t) (Bmax(t) — s(t))-
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Moreover, (Rumin — $)?2 > 0 = Ruyin(Rumin — 8) > 8(Rumin — ), and thus the first result follows. For
the second result, we note that Rpax(0) < —e. Thus Ry ax decreasing and hence Rpyax +€ <0 =
(Rmax + 5)(Rmax - 3) <0= Rmax(Rmax - 3) < _E(Rmax - 3)-

Q.E.D.

Lemma 5.0.6
—C<R|i=<-e<0

implies
—-C<R(,t)<—e<0

for any t, and thus
|s — R| < (C —¢)e .

Moreover, gr — 0 at an exponential rate.

Proof:

O Rmas(t) — % Rin() < —(Rma(t) — $(8)) — 5(t) (Ruin(t) — (1))

dt dt

= —eRmax(t) — s(t) Rmin(t) + £s(t) + 32(t)
= —€Rmax(t) + eRmin(t) — €Rmin(t) — s(t) Runin(t) + £5(t) + s%(t)
= —(Runax(t) = Ranin(®)) + ((t) + ) (5(t) = Funin(®))
< —&(Rumax(t) = Renin(1)).
Hence,
o B (8) — R () < o L0081 (R (8) — R (1).

Thus we are in the situation where we have an f > 0 and € 0 so that Z—’;(t) < —ef(t) and we'd like
to show that f(t) < f(0)e *t. Considering g(t) = €' f(t) — f(0), we get %(t) <0 and ¢(0) =0,
thus we have g(t) <0 = f(t) < f(0)e™".

Thus

Rmax(t) - Rmin(t) < (Rma.X(O) - Rmin(O))e_%t-
QE.D.

Recall that there exists 0 < C' < oo such that % < u < C2% Consider T > 0 fixed. We may
suppose T is large to insure s(7") < 0. Let € M and consider Bg(z) so that we also have
s(T — R?) < 0.

2The Remaining case is to show R eventually becomes negative. We establish this result as follows: é <u<C
implies, via results of [11], that we have C* bounds for u(-,t), independent of ¢. This then gives C* bounds for R — s
as well. Since [(R — s)’dV must be arbitrarily small for some t-values, and we have H?* bounds on R — s, we get
(via an interpolation inequality) that |[|[R — s||gkarx{¢)) must be arbitrarily small for some large ¢-values. Then the
Sobolev embedding theorem gives that R — s must be arbitrarily small for some large ¢-values. Since s is negative,
this gives that R must become negative.
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For
L= a"05,00; + Y b0y, —c— 8,
ij i
with 1
plé]> <) afigied < ZjgP?
i a
for some 0 < u < oo,
1 1
Iblloc < — and 0<ce< —.
It It

Q(R, (z,t)) := {(y,s) : y € Br(z),t — s < R*}.

Then, Theorem 4.2 of [11] yields for u € W, (Q(R, (z,1))), and (z1,t1), (z2,t2) € Q(E, (,1)),

there exists an a = a(n,pu) and a C = C(n, u, R) such that

lu(ma,t2) — u(mr,t1)] < C{ sup |u| + || Lufl posi(Q(r, (@) (T2 — 71|% + [t — 11]2).

(Ry(x,t))

Where we now apply this theorem to

-1 -1
Lu:—ut+n —Dou = (n 2
um un—2

for any x € M, R > 0 and t > R

Thus, there exists a C = C(R, go) and an o = a(n,supu, infu, gg) > 0 so that for
(z1,t1), (22, t2) € Q(&, (2,1)) we have
|z, t2) — uley, t1)| < C( sup  [u| + | Lull g (@i, (wy)) (|72 — 1% + [tz — £] %),
Ry(z,t))
Now using that
| Lu||poo, ||u||ze < Constant,

we get
[l @y < €= C(F)
for some C(R). By compactness of M, we then get

||u||c%’a(M><[O,T]) S C(M, go,sup u, infu).

Thus,

||ul| < Constant.

C'3*(Mx[0,00))

Using results of [10] ® we get control of ||ul| o'+$ 2+a assuming we have control of |[Rol[ce. We
define some notation:

lulo,y = [u]o,y = Sup |ul,

for ke N

[u]k;r = max | D%uo,z,
la|=k

3See Theorem 8.11.1 of [10]
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k

lulkr = _[uljv,

=0

u\x9 tg — U\T1 t1
[U]Q,J,U = Sup | ( 3 é) ( 7 )| )
2 (zi\t:),€Us(z1,t1)#(T2,t2) |t2 — t1|2 + |(E2 — $1|‘5

luls 50 = luloy +[uls 5,1

Let 5 5
ig Y 9 i Y _ Y
L= Z 8x16$]+zb8wi+c ot

We assume the coefficients of L are all bounded in absolute value by K, and we have the following
ellipticity condition

Y aligig; > klE

i,j
Also, let 6 € (0,1). Then Theorem 8.11.1 of [10] implies that there exists N = N(R, K, d, k,n)
such that if u € Cl+%’2+‘5(Q(3R, (z,t))), we have

[ulis prsiaeriae) < NULUls s0er @) T Hoeer@n)-

Then by applying Theorem 8.12.1 of [10] we get higher regularity results, provided we assume
that || Rol|ck+a(ar,go) 18 under control. Now for completeness we state this theorem.

Theorem 8.12.1 of [10] 5.0.7 Let L be as above. Assume for R >0, and k € NU {0}, we have

|D%a| s

sser @y 1D <K,

§7J§Q(2Ra($7t)) and |Dac|%555Q(2R7($7t)) -
for all multi-indices o € R, |a| < k. Assume u € CH%’QH(Q@R, (z,t)) and

D*(Lu) € C’g’d(Q(QR, (z,t)) for |a| < k. Then D%u € C1+%’2+‘5(Q(R, (z,t)) and
iN = N(R,k, K, k,d,n) such that

D D%l a0y < N IDY(TU)s 500m @) + lulneer @}
o/ <k ol<k

Therefore, ||ul|ck2x(px[7,00)) < C, C independent of T', which then gives us control on
1R — sl g2k (mrxqry) < C, for C independent of T'.

o0
/ / (R — s)2dVdt < oo,
0 M
/ / (R — 5)2dVpdt < oo
0 M

Now, since

we get
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since we have & < u < C. Thus, given ¢ > 0, we can find T so that [;° [,,(R — s)?dVydt < e.
Thus, there exists a ¢ € [T',T + 1] so that

[ (RC.1) = s)ave <
M
Now, we apply Theorem 3.70 of [1] which states:

Theorem 3.70 of [1] 5.0.8 For M™ a compact manifold without boundary, let 1 < q,r < 0o be

real numbers, 0 < j < m be integers and % = % +a(l-2)4+(1- a)%. Then

3K = K(n,m, j,q,r,a, M) so that Vf with [ fdV =0, we have
IV7 llze < KIV™ FlIE0 1 112"
We applythistheoremtof:R—s,a:%,p:q:r:lj:kandm:%. to get
IR = sl gx(arxt1,g0) < CVE.

Since C is independent of ¢ and we only need k so that H* embeds into C°, we can pick €, ¢ so
that the right hand side is less than % with B the constant from the Sobolev embedding
theorem for the embedding of H* — C°. Thus getting that R(-,t) < 52—0). Thus R is strictly
negative at time ¢, and thus our convergence results established earlier now apply to get
exponential convergence of |R — s| — 0. Thus applying the results of [11], we get exponential
convergence of R — s with respect to any C* norm.
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Convergence of the Flow in the Scalar

Flat Case

Thus we are now assuming that go is a metric with Ry, = 0. Let ¢° € [go] and suppose g satisfies

0

ag =(s—R)g, on M x[0,T%),

_ 0
gli=o =9 -
oy 4 .
Writing g = u»=2 gy, we may assume u satisfies

0 . n+2 n+ 2 n+2
GE1 ) = oy (Baou + elm)s()ui=2)

with u|;— such that u(-,O)ﬁgo = ¢%. We have ¢ = c(n) = 4(7:1—:21) and Lgyu = Agyu — cRgyu =

Agou, with the last equality holding by the scalar flat assumption.

Lemma 6.0.1
s>0
for all time.
Proof: Q=0= s> 0.
Q.E.D.
Lemma 6.0.2
n42
dul>’ n+ 2 a2

min (1) > s (0t (),

and
n+2
dunzz n+2 n+2
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Proof: Using that z(t) is the set of points in M x {t} where uy;, is obtained and X (¢) is the set
of points in M x {t} where umax is obtained, we have

n+2
du7? n
%(t) > inf{8,(ui=?)(z, 1) : z € ()}
n+2
lnf{ Ten ){Aou(w 1) +e(n)s(ugiy (1)} : = € z(t)}
9 n+2
> P Zs(tuly? (1),
and
duﬁ n+2
dt (t) < sup{Qi(un=2)(z,t) : z € X(t)}
n42
= Sup{ Ie(n ){Aou(w 1)+ c(n)s(t)umax (1)} : € X (1)}
2 n+2
< " s(tudd (0
Q.E.D.
This then implies the following theorem
Theorem 6.0.3 A solution u exists Vt > 0.
Proof: By the above lemma,
n_—}—g
du™> n+2 nt2 d,6 2
min t > t nTZ t > - nT2
Hain (1) > DTz (1) 2 0 = 2 (i (0)
Thus,
n+2 n+2
Upin (1) 2 Ui, (0)
Also,
n_—}—g
dumax n+2 nt? n + 2 nt2
5 (1) < ——s@uiax () < ——s(0)umax ().
n nt2 n+2
Now, by considering g(t) = e Hts Oty =2 (t) — umax (0), we get dt < 0 and ¢(0) = 0. Thus,

n+2 n+2 'n,_+2
g(t) <0 = ulzz(t) < e'7 *Otyr22(0). Therefore,

Umin(0) < u(z,t) < umax(())e"T_zs(O)t,

and thus our solution u exists for all time.
Q.E.D.

Theorem 6.0.4
umax(o)

umin(o)

IN

uma.x(t) umin(t)
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Proof: Let’s define

umax(t) nt2 Umax(o) n+2
t = n—2 — n—2
f(t) (Umin(t)) ('U/min(O))
Now for A > 0 we have
n+2 n+2
f(t + h) - f(t) 1 umax (t + h) 'U/Irrlla)zc (t)
f - h{ n+2 n+2 }
Upin (E+ 1) upss (2)
n+2 n+2 n+2 n+2
Lupsy (Humax (t +h) — ups? (84 h)umax (t)
=7 n+; n42
Ui (t+ P Uiy (2)
n+2 n42 n42 n+2 n+2 n+ n+2 n+2
1 umln (t)UmaX (t + h) — ’u’rTanI? (t)ug;a?( (t) ugla?( (t) (t + h) _ uITanIf (t)uUlan( (t)
- h{ nt2 nt2 - nt2 nt2 }
Upnin (8 + R U (2) (t+h) min (t)
n+2 n+2 n+2 n+2 n+2
1 Umax (¢ + h) — umax (t) Umax (1) Unin (8 + 1) —upin (2)
= Tat2 A T etz ntz A
Upin (8 + 1) upse (t+ h)unss (1)
Thus,
o £EHD = 10
ANO h
n42 n+2 n+§ n_+§ n_—i-g
- 1 Ummax (t + ) — urnax (t) Urnax (t) Upin (8 +h) — g (8)
= limsup{ — 5 a 3 ;L T3 a T3 z }
N0 g (t+ h) U (4 B)ugs? (t)
S 22 o2 R h 2tz
1 max I’;'Ll X . . I,rlfl X n_ t - n_ t
< limsup o U a (t+ })L Uma (t) — lim inf — Uma (t)i umln( + })L umm( )
N0yt (b4 h) Ot Ryug (1)
n+2 n+§ n_+§
1 dumax Umax () dug
<m0 - praalU)
Uptin (1) (Uin (1))?
n+§
1 n+2 nt? Umax(t) N+ 2 nt2
< " s () - O T2, B
Uppin (1) (Uhnin (1))
=0.
Therefore, 4 () < 0. Moreover, f(0) <0 = f(£) <0 = (imex()i% < (UmaxlB)iss -
umax(t) < %:(((())))umin(t)-
Q.E.D.
Corollary 6.0.5 There exists C > 0 such that
L <u<C(C.

c
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Proof: By theorem 6.0.4, we have

Umax (0)
umin(o)

Umax(t) < Umin(t)-

However, conservation of volume implies

n 2n_
V(g®) = / w3 dVy > w7V (go)-
M

Thus,
_ V(g°) o2
Umin(t) < (V(go))
Moreover,
Umax(0) V(go) n-2
el < 4 a0) Vo)
Q.E.D.

Next we show that we actually have u(,t) = ux(-) = Constant, smoothly at an exponential rate,
_a_

and thus g — goo 1= uds *go. Moreover, Ry = 0 then follows since us, = Constant. We will do
this by establishing the following:

1. [|[Vou(-,t)||p2 < Ce*, for some C, A > 0 = s(t) < Ce™4? for some C, A > 0.
2. f;o [(Dou)?2dVodt < Ce AT for some C, A > 0.

3. fu%dVo — L at an exponential rate (in t) , for some L.

We remark that 1-3 follow directly from the PDE. Then 3 and Poincaré imply 4.

4. ||uZT+§(,t) - %”L?(M,go) < Ce= 4, for some C, A > 0.

5. The results established in the previous section, namely % <wu < C giving C* bounds on u by
way of the arguments of [10] and [11], imply that we have control of ||u%—rg | 2% (M x {235
independent of ¢. Thus, we have control of ||u%g - %H H2*(Mx{t}), independent of ¢. This and

n+2
4, along with the interpolation inequality in [1], give us that |jun-2 — %HH’c(Mx{t}) < Ce 4t for
some C, A > 0.

Now we carry out the explicit details for 1-4 to then get the convergence by way of the argument
4
described in 5. We note that this is sufficient, since once we establish 5, we get that u»-2
4

converges smoothly to a constant at an exponential rate. Let uls 2 denote such a constant. Then
4

we clearly have that ¢ — goo 1= uZ 2 go at an exponential rate. Since g is a constant multiple of
go we have R, = 0.

Lemma 6.0.6 s —» 0 as t — oo.
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Proof: If s > C' > 0 for some constant C, then

n+2

dul” n+2 42
—min_ > O . a2 (t
() > 0. 25 )
which implies
"3 -
duls n+2 42
“Zmin 4y _ (7. w2 (1) >0
+2 n+2
Letting g(t) = o ITI‘qu (t) —ul.2(0), we get %(t) > 0 and ¢g(0) = 0. Thus, g(t) >0 =

n+2
ult(t) > e Oty (0). But this is a contradiction, since upi, is bounded from above. Thus

IIllIl
s—0ast— oo.
Q.E.D.

Next we proceed to show that we actually have exponential convergence.

n+ 2 4 ou n+2 n42
n—2u ot 4c( ){A0u+c( n)s(tjur=>}

which implies

1
—Aou% =y n- 2(Aou) + esul\gu
1 /Aou—dVo /U_ﬁ(Aou)QdVO+cs/uA0udVO.
" —
However,
/A @dV——L/V - VoOrudV;
— UG Vo = ——— ou - Vodiudly
1 2
= —72(771_ 1) /8t|V0u| dVo
1 d ,
BRI E/'Vw' o,
and
/quudVO = —/|V0u|2dV0.
Therefore,

1dt/|Vou|2dVo = —Z/u n— 2(A0u)2dVO+2cs/|V0u| dvy.

Lemma 6.0.7
VoullL2(ar,90) < CllAoullL2(as,g0)

for some C>0 independent of u.
Proof: We know that 3C > 0 such that
IVul|g2 < C(|Aul| g2 + [lullL2).

Suppose this lemma is not true. Then 3{u;} such that
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A2 < [[Vujllze < C(|Aul 2 + [lugllz2)-

We may also require that ||Vu;||z2 =1 Vj. Hence, we get that ||Au;||z2 — 0 as j — oo.
Now, Poincaré’s inequality implies that
luj — w2 < Cl|Vuyll2 < C.

Hence, vj; = u; — u; converges weakly in H 2 along a subsequence, which we may assume is our
original sequence. Thus, Sobolev embedding implies that v; — v in the H' sense, for some v.
Also, Vv = 0 which implies v is constant, and hence v = 0. But ||Vv;||;2 = 1, and thus we get a

contradiction.
Q.E.D.

This then gives us

_ 4 9 1 9
u n-2 (Ao’u) dV() > 1 (A()’u,) d%

Urhax (1)
Vig) 2 umm© [p
> (V(go)) urﬁ(o) /(AO ) aVy
V(g()) % um?n u u2
> () o /|v Bave = C [ [Vouav.

Putting this all together, we then get

d
o Ve < @etmstt) - 20) [ (VouPai,

Thus,
4 [ Voul?dvy
[ IVoul2dV,

if ¢ is sufficiently large, where A > 0 is a constant. Thus we get

%bg / Voul2dV = < (n—1)(2es(t) — 2C) < —A

/|V0u(-,t)|2dVo §/|V0u(-,0)|2d%-e_At = Be .

We may make this assumption since s — 0 as t — oo. This then actually implies that

fWoU|2dVO B _a
= <
s(t) c(n)V c(n)Ve ’

for ¢ sufficiently large, where V = [ Mu% dVy = V(g%). Once again consider,

1dt/|V0u|2dVb—I—2/(Aou) u n- 2dVb = 2c(n /|V0u| dVj.

Integrating with respect to time we then get

1 o0
/ /|V0u|2dVOdt+2/ /Aou w2 Vydt = 2¢(n )/ s(t)/|v0u\2dvodt
n — ]. dt T




which implies

o0
/ /Aou w I dVydt = —/|V0u )| dVO—|—2c/ s(t)/wou\?dvodt

1 B *©
<— Be T4 2—€_AT/ /|V0u|2dV0dt
1 v .

n —

2
< —1 Be AT 4 2B—e_2AT

“n-—1 AV
< He 7,
for some constant H > 0.
Recalling that R = —1 Lot — 1 L0t we get
un—=2 un—2

/ /deth:/ /Rzuf—"deodt
T T

o0 1 4
= / C—Q(Aou)%—mdvodt
T

— AT
< —e .
- 2c2

Therefore, for all T there exists a ¢ € [T, T + 1] such that [ R2dV < Jre~4*. Moreover,

flf’/dv \/_,/ R?dv ,/

But s is decreasing, thus for every t-value this inequality holds.

n+2 .
Next we will proceed to show [ u»—2dV} converges exponentially. Recall that

Thus,

i/
2 n
_nt /Aoud%—kc(n)s(t)/u’:gd%

n+ 2 n+2

=7 s(t)/uﬁdVo

Sn—l—2 He gt/uZJrngo

Therefore,
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Thus,

which implies

and thus

/uﬁ—ﬁ(.,t)d% < /un 2(-,0)dVp - ot S

n+2 . . . . d n+2 _ At
Thus [un->dVj is bounded from above which implies % Jur—2dVy < Ce for some C, A > 0.

Moreover, [ uz_f3 dV} is non-decreasing. Thus, given any to > t1, we get
n+2 n+2
‘/un_z(.,h)dvo_/un_2(.,t1)dvo| :/’u,n 2(-, tz)dVo—/un 2(-,t1)dV
Can _—at
<= L e Al2),
< Sfet )
Thus, fu%ngo N L as t — oo, for some constant L.

Poincaré’s inequality implies that there exists C = C(M, go) such that
n+2 1 n+2 2 2 — At
||un—2 - W /U"—zd‘/()”Lz(M,go) < C||V0u||L2(M,g0) < C - Be .

n+2 .
Moreover, from the above calculations we get that [un»—2dVj converges at an exponential rate,
and let L denote its limit. We also get that

\/uztngo —-L| < Cle 5t

for some positive C’. Thus,

s -

ol < -
——— |2 ur—2 —
V(g = Vi(g°)

n+2 . .
We then get that u»-2 — % in the L? sense, at an exponential rate.



Chapter 7

Some Results in the Scalar Positive
Case

7.1 Some Facts about Stereographic Projections

Let N = (0,---,0,1) = (0/,1) be the north pole on the unit sphere S” when viewed as a subset of
R™*1. The Stereographzc projection of S™\ {N} onto R is a bijection between S™\ {N} and
R" defined by the following: Consider the lines in R+ which go though the pomt N. Then the
point f € S™ is taken to the pomt which lies on the line determined by f and N and lies in the
hyperplane {7 : 2,11 =< Z N >= 0}.

More explicitly we compute this map F : S™\ {J\_f } — R"™. Suppose we are given £ € S™, we want
to find the corresponding point Z := F(£). We write

(z/,0) = & =t + (1 — )N,

then
(2',0) = t(€', Enyr) + (1 = 1) (0", 1)

= (&', tény1 + (1 —1)).
Therefore t&,+1 +1 —t = 0, which implies ¢t = ﬁ Thus we have,

&

x
1 - fn—i—l

Similarly, we can compute F~!'. With the same notation as above, given Z we want to find E We
write

E=tF+ (1 —t)N = (tz',1—t).

Then ||€]| = 1 implies ||(tz',1 — t)|| = 1, which in turn implies ¢ = Therefore,

2
l['[[>+1°

- 21 l|lz'||2 — 1

= [P+ 1

)

Next we give the relationship between the natural metric gs» ' and ggn.
For & = (&1, ,&nt1) € S™and 2’ = (z1,---,z,) € R" we have

'Here gsn is just the Euclidean metric ggn+1 in R**! restricted to the unit sphere in R**1.

55
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n+1

gsn =Y d&]
i=1

n n
_ 4 2z |;v’|2—1 9
= (Z Ba:j(l—l-\:c’\Q Zax |x'|2+1)d$])
n

:2“:(2":{ 20 Az, }da:~)2+(z $d37)2
o 1+|:E'|2 (1+|LE'|2)2 J o (1+|$/|2)2 J

2x;x; 16
=4 — J de:)2 4+ — — E : dx.)2
25 1+|w'|2 (P ) i (2 )

=1 j=1

— 23”%’%’ 2.2
42{2 1+ ‘$/|2 T+ |$/|2)2) dz;

i=1 j=1

2$i$' (5,k 25171'3%
2 ’ - dz d d
" 1<]§<;<n +|ﬂs’|2 T +10P? T 2P~ T+ o T ey 1+| 2)t Z% o)

—4 Jer) t) d 2
ZZ 1+ \:1:'\ T 1+ [2]2)3 + 1+ ‘$/‘2)4) T

i=1 j=1

0;70ik 20, T;Tk 20,5252 A% x 1),
+SZ Z j/2 . n2\s /2j3+ Z]/24)dﬂcjdﬂvk
< A1) CAHPR T A+ 2P T (L + [2'?)

16 N 32
e O BT+ e Y wjapdaday
(1 + |='|2) et (1 + |='[2) 1< i<

4 "2 16 ~ 5 16]2'|? 2 2
- (1+|x/|2)2d(x) - (1+ |2']2)3 indmi"_( + |2']2) 42‘5 d +(1+| ,|24Z:vd:v
i=1

1 n |$/|2 3 Z Z z;TpdridTy — 11 |$,|2 3 Z Z ICZIC]dxzdLEJ

i=1 1<i<k<n i=1 1<j<i<n
32|z'|? 32
t e Z mjxkdwjd:vk+7,24 Z xj:vkdxjd:vk
A+ e, A+ ") e,

2 2 10 1\2

=(———=)“d ;

(5 @)

Thus we have that

F~Y)*ggn = 2y 7.1
(F~")"gsn = ( ) grn. (7.1)

1+ |2/|?
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7.2 Convergence in Scalar Positive, Locally Conformally Flat
Case

By the results of [15], there exists a conformal diffeomorphism @ : M — Q C S", where Q is a
dense open subset of S” and M is the universal cover of M. We first assume (M, [go]) is not
conformally covered by S”, i.e. Q # S™

Let §:= (®~")*x*g. This is a metric defined on S™ and § = ﬂﬁggn, where ggn is the standard

metric on S™. We note that 4 satisfies (2.1) with respect to the background metric gs». We get

this by noting the following observation: Let M, M be two manifolds such that ® : M — M is a
diffeomorphism. Given a metric ¢ on M, let g := ®*g and suppose g satisfies

gt = (sg — Ry)g

g|t=0 = goa

then given an z € M we have Rj(z) = R,(®z). To see this, note that the diffeomorphism @ just
changes the local coordinates and § = ®*g is the pullback metric 2 of g.

Therefore, g satisfies

We now note the following result of [15]

Proposition 2.6 of [15] 7.2.1 Let M be a domain in S™ and g a complete conformal metric on
4

M with |Ry|, |V4Ry| < Constant. Then for 6(z) := d(x,0M) and g = u»-2gsn, we have

u(z) > C(S(a:)_n%2 forz € M,C > 0.

This implies the following result

Lemma 7.2.2 For each fized T, u(p,t) — oo uniformly for any t € [0,T] as p — 09.

Given py € M, choose a point iy € M and a neighborhood V of fy such that 7(Po) = po and
dist(®(V),09) > 0. Then there exists a C > 0 such that @ > & and %ol c4(ggn) < C on @(V).
Note that by lemma 7.2.2, we may assume g > % holds everywhere.

gsn

Now we fix any gy € ®(V). We then view S™ as being embedded in R**! with ¢q as the North
Pole, i.e. gy = (0,---,0,1) as an element of R**!. Define F to be the stereographic projection and
F~! as its inverse. Note here that F maps the southern hemisphere onto the unit ball B C R”, it
maps the northern hemisphere onto B® and the equator onto JB.

2Recall that the pullback metric is given by : 6 e Q and a, E € T;S™ we have

o 4 . =, N

(4(8))»~2 gsn(&, B) = §(&, B) = g(dn(d® ' (&)),dn(d® *(B)))

= (u(r®™'6)) 72 go(dn(d® ' (d)), dr(dD " (B))).
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Then for £ € R* we have

27 7?1
FY2) = : € s
(7) (1+|:E|2 |f|2+1)
Let 3
4y, T 28 1—1|7?
G(Z) = F (=) = ,
() (|£|2) (|5|2+1,‘f|2+1)

and note that G(0) = qo.

4 ~
Take any positive smooth function f defined on ®(V'), and consider the metric f»-2ggn. Let f be
given by

Frrgrn = (F71)* (f7 gsn),

where here gg» is the standard (Euclidean) metric on R".

By Taylor’s Theorem we have that

foG@) = f(a) + V(f 0 G)(0) -7+ L7 D*(f o G)(O)F + O(a1?)

= ag + aiz; + agziz; + O(|Z)%),
where here a9 = f(qo), ai = &C (foG)(0) and a;; = #;wj(f o G)(0). Using this, we then get an

asymptotic expansion for f near oc.

Noting that f o F~*(Z) = f o G(:Z5) we then get that |Z| large,

ER
_ T; LT 1
foF Yz )—ao—l-az|_,|2 + ajj |Z_,|4] +O(W)'

Also we get that

n—2 n) = Ffl n—2 ([ n = 71m 2 n.

Therefore,

7 2

1@ = (1) T (o )@,
and thus .

~ 272 iZj
5)2771_((104-&'_. +a —aj+0(—' ))
(1+72)"" EERRAET |Z°

for |Z| large.
The Taylor expansion about 0 for (H—;)% is 1 — 2¢2 + O(t*). Hence for [t| large we get % P g 12)

= 5 (1 — & + O(5))- Therefore, for |Z| large we get
1 1 n— 2 1
7 = Ems T 2172 +0(=7))-
1+ @)= |7 |Z| |Z|
3@G is just F~! composed with an inversion on the sphere that takes f € S™ to —§ € S™ Thus, G takes the unit
ball B in R™ onto the northern hemisphere of S”, it takes B° onto the southern hemisphere and 0B, the equator, onto
itself.
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Writing 5%2 = |(;i|j4 T;xj we get
P 92%5* T; n— 2 T;T; 1
(%) = 72 (ao + GiW + (as; — 2 aodij) |j.|4] + O(W)).
Differentiating with respect to z; we have,
a0 =27 oo S + 0~ aem) + Ol

4
We now define w in terms of (F~!)*§ = w»-2gg» and note that w satisfies the equation

9 wn_ng) = Ngpnw + c(n)swz_tg. (7.2)
We now use @ as f. Thus ag = ag(t) = u(qo,t), a; = a;(t) = %;?OG)(O),
aij = ayi(t) = ZGLD (0). Let () = (51 (1), -+, yn(t)) where y;(t) = — v we call (1)
the center of w(-,t). g
7.2.1 Some results from [4]

Let & = (z1,---,2n) and ¥ = (y1,---,Yn). Then for positive ¢ we have °

1 ! (1+ q +--4)
P —— U eee),
g JEe R

Assume that we have a function v which has the following asymptotic expansion for large |Z|,
where we will assume that ag > 0,

. a;T 5 QLT i
’U(.’L‘) |§;’|m (G,() + |-»‘2 + |.’I_3.‘4 +O(|j»|2))7
and
W —m a;jT; a; 2x; o 1 73
vz (F) = |"‘m+2 zi(ao + BE )+ |72 |j’|m+4a']$-7 + (|"|m—|—3) (7.3)
We then define ¢ = (y1,- -+, yn), where y; = —L. By the above discussion, and by replacing & by

Z — ¥ in 7.3 we have

“The expansion given above holds for w(-,t) with ag = ao(t), a; = ai(t) and a;; = a;(t), and the expansion is
uniform V¢ € [0,T] where T € [0,T™), where we are assuming our solution to (1.2) exists on M x [0,T").

5To establish this we define f(&) := ﬁ and we examine the Taylor expansion of f about the origin. We have
that q
fo; = W( - ¥i),
thus
f(@)=f0)+Vf(0)-Z
1
=+

It W”*“'
— —(1+L.’L‘y+)
gl g '

Thus we get our desired result.
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= 1 m aj(zj —y;) | ak(T; — y5) (T — k) 1
v\ —Y :_,—1+T.Ty+ a, + - + = +OT
=9 = gm0 e+ et =z 2 7 g7 NER
a;T; aj 1 Qxiyi
— _ (s - 20y 1
B a0 + - )(ao + aj(z; + mao) R (14 EE +--1)
1 4x;y; 1
+ajk(zi —yi)(Te — k) - =g - L+ —=5 +--) +oli=3))
e |Z|* |Z|2 |72
- 1 a;T; QLT 1 Q;T; a;T; QLT 1
“EE et e s TR e T e e e
N G,jkiL'j.’Ek 1 o 1
- |.’f|m (0’0 ‘f|4 a0| |4 (azx’t)(ajx]) +0(‘—»|2))
1 QjkT;Tk 1
= ——(a0 + L5 +o(=3))-
|Z|™ |7 |Z|?
Likewise,

Lo m(m— ) TkYk aj(z; — y;) 21y,
Uwi(z—y)——w(1+( m+2)—5 |-.|2 -){ao + EE (1+ 2 + )}
ai (m + 2) gy 2(zi — yi)aj(z; — yj) (m + 4) Ty 1

|Z|m+2 1+ EE ) = |Z|m+4 1+ |72 +0) + O | “‘m+3)
m(zi — yi) TKYk | T a;
:_HT(1+( +2)| e ){0+|_.|2]+O(| |)}+||T+2( +O(|_,|))
2(zi — yi)aj(z; —yj) 1
- |_’Z"|m+4 (1+0(| ‘)) +O(‘—»|m+3)
:_w(lJr( +2) 2Rk 4V ag + Sy 4 _ 2mia4; +0( 1 )
|Zm+2 |22 |22 |Zm+2 ~ [g[mte |Z[m+3
_ —m(z; + mao)a’o m(m + 2)(z; — yZ)x Jrto — m(z; — y;)a;T; ai  2wa;z; o 1 )
|Z[m+2 ||+ kK40 7|t Z[m+2  [g]mt 7|2
_ —mzag a; m(m + 2)xz; M0, a; 2,0, 1
N R s e & e R E T S
_ —mziag (M +2)z; MT;0,T;  2T,0,%; 1
Fmtz ~ T [gmte LkOk — Zm+d T [g[mte +0( ‘:Z."m—{-?)
_ —mx;ag 1
- |§;‘m+2 + O(|j'|m+3)'

Thus, for a suitable Cy, Ry, if z1 > % and |Z| > Ry we get vz, < 0. To see this, we require that
—magz1 + O( m) < 0. Note that we have —magz; + O(ﬁ) < —magr1 + Cﬁ for some positive C.

Assuming that —magz1 + % < 0, we get —magz; < —%, or equivalently z; > %lf\

In the following discussion we let 9(z) := v(z — y).

Lemma 4.1 of [4] 7.2.3 For A > 0, there exists R = R()\) depending only on min{1, A} (as well
as on v) such that for & = (z1,2"), Z = (21,2') satisfying T1 < z1, 1 + 21 > 2, || > R, we have

5(2) > (2).
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Proof: We shall show that if we have a pair of points Z = (z1,%'), Z = (21, 2') with |Z] > Ry,
z1 > 1, z1 + 1 > 2X for which 9(Z) < 9(Z), then necessarily |Z|,|Z] < R = R(min{1, A}). Note
that |2] > |Z| holds under these assumptions. By our assumption that #(Z) < ©(Z) we then get

a; i J ! Q a zj Oi
(0+ ZJ|—'|4 +o (‘—o|2)) |“|m( o+ Z]|—14+ ( ))7

0> 9(F) —9(2) = EE

[Z[m

which implies

1 1 ~ ZiZj T3y 1 1
ao(mm - |g|m) < aij(‘g|m+4 - |f|m+4) +0(‘5’|m+2) +O(|j’|m+2)
~ Zi %] TiTj 1 1
< Gij (|z|m+4 - |5|m+4) +C1(|55|m+3 + |g|m+3)

C
S |J‘;'|m+2'

Since |Z] > |Z], for p > 1 we have |Z|P~! > \:EV’ 1 and thus ﬁ > ||;| This implies

1 |z|P~! 1 1 1 1
W 2w s g 2 e (g )
Therefore, we get B
1 ( 1 1 ) < 1 1 C
e - B 1 R -1 L N
This implies
|Z] |a‘c’| 11 < C
#l2 2z (@ g R
and thus _
Clg _ A2 —1ZE | 1
2] = 2] € o = C(—mp— + 1)
|22 O
Hence if % < % we have
. i R SNUPR TP
2] — |2 < O =) < 52 = 2D + =,
o N A |Z]
which implies 5
2C
2 - 7] < -
|Z|
Thus - ~
2C C - o1 S S
2] < E |2 =2|Z] - et 2] < 212((35) + |7] = 2|2].

Therefore, if |Z] is large enough, and the desired inequality doesn’t hold, then we must have
2] < 2.

We just assumed that |Z|? > 2C to arrive at the last inequality. However, we may assume this
from now on. To see this, suppose |Z|2 < 2C. Because #(Z) — 0 as |Z] — oo and we are assuming
(%) < 9(%), we then get that |Z] < R, for some R independent of A.



62 CHAPTER 7. SOME RESULTS IN THE SCALAR POSITIVE CASE

Once again,
1 1 - 22 T;iTj 1 1
a0 (|:L.|m - |g|m) = aij(|g|m+4 - |5U'|m+4) +Cl(|g—c'|m+3 + |5"m+3)
2
_ 27 212 :1:135] ijk Z;Ty 1 1
a11(|5|m+4 "|m+4 +2Zalﬂ [Fm+t [Fm+ +Z ajk( “|m—|—4_|j‘|m+4)+01(|f|m+3+|g|m+3)
j>1 j,k>1
- Zl Z1
=a11(= ———) + 22611 T )
‘Z|m+4 |m+4 = J 9 |"|m+4 |$|m+4
1 1 1 1
+ Z a]lcm]xk(l—»|m+4 - ‘ii"|m+4) + Cl(l.’f|m+3 + |é»|m_|_3)
7,k>1
We then see that
SR S PR S N TP S
o R - - N i FE R R

CL1 Z1 I lek ) 1 1 Cl 1 1
+22 ao 27]m+4 - |5E'|m+4) + Z _mﬂxk(|g|m+4 - 55|m+4) + %(|j’|m+3 + g|m+3)

j>1 jes1 20
22
— a2 . 1 1 1
< C “'|m-|—4 + C |"‘m+3 + C| | (‘j'|m+4 o ‘g|m+4) + C|5;|m+3
2
22 — 1?2 T C 1 1 C
<CA Ly 0t (= — ) + e
|Z[m+4 |Z|m+3 Nz 7] Z[m+3
This implies,
1z -1z _ 1 1 -z C 1 1 zn—z1  C
———<C + =5z — =)+t C—=r + =7
EIEREERE |Z]° |Z12° 2] |2] |4 |Z|*
Therefore 7
. 2] o2 = |Z] 1 |7 2]
2] — \w|<0q4(| 727 — 2% + Cim (———_,)+C_,3(z1—x1)+0_,3
|| 1z |z |2 || |Z]
1 . 11
gzcw(\az—mﬁ)mmﬁ |q|)+20| |2( )+2Cr|2
<2CW(‘_’|2 |_'| )+2C|_,|2(‘Z| | |)+20‘—o|2( )+20|-»|2
Multiplying by |Z] + |Z| we get
712 — 3] = 2 — a?
2C . 2C 2C 2C .
< W(IZI +|Z) (121 - 12%) + W(z% — i)+ GG (12] + [2]) (21 — z1) + |4‘2(\ZI + |Z])
6C 2C 6C 6C
< (e -2+ (e — 1) + = (o1 — 1) + =
|2 |Z|? [El |Z]
N h
ote that |*|2( 1 B 1 ) 1 (i__)
R N F e e I P

"Use 27 — i = |2> — |Z| and |Z] < 2|7
®Use |Z] +|2] < 37
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8C .. 6C 6C
_l-»lg( ‘Tl)—{_ﬁ(zl_zl)_FH
iC, ., . 6C 6C

<O (2 —28) 4+ = (21 — 71) + =
= C(l 1) |$|(1 1) |$|

But before, C was only chosen such that Ifl’" ﬁ < |£‘g+2. Hence we may make C larger if

necessary so we may assume that % S . Thus,

12C 12C
Z% S ‘_.| (Zl_l'l)‘l‘w-

Also, 22 — 22 > 2X\(z1 — z1), which implies
1 1

12C 12C
2>\(21 - -’El) < T(zl - 371) + -
|Z] |Z|
or equivalently,
12C 12C
(A = —=-)(z1 — 1) < ——.
|| ||
Thus if 2)\ — % > X 10 we get
12C 12C
AMzr—21) 2N — —=)(z1 —21) £ ——
B 7
which implies
< 12C
z1 1 S A'.’ﬂ .

But then we have z; > 2\ — 1. Therefore 2\ — 221 < 21 — 21 < 225 or equivalently,
12()
I > A — -

2)Z|

But then, A — 21)?|C| > ‘C;O‘, provided we assume |Z| > %%l + %.

Hence we can conclude that z; > % which implies that vz, < 0. Thus v is strictly decreasing on
EE p 1 y

the line segment from # to Z, which contradicts the assumption that (%) < 9(2).
Q.E.D.

For # = (x1,z') we let & := (2\ — z1,2') be the reflection of & about the plane {z; = A}.
Lemma 4.2 of [4] 7.2.4 There exists Ao > 0 such that for all A > A,
5(@) > o@) if z <A\ (7.4)

Proof: Let R; = max{1l, R(1) from Lemma 7.2.3}. By lemma 7.2.3, if |Z| > R1, A>1and z; < A
we have

#(Z) > o(a). (7.5)
But 4(Z) > ¢ for |#] < Ri''. Furthermore, for Ry > 1 sufficiently large, we have v(Z) < ¢y for
|Z] > Ry. Thus (7.4) holds if A > Ry and |x\ < R;. Combining this with (7.5) we obtain (7.4) with
Ao = Ro.
Q.E.D.

1
Use —lg < == Yol
Ole. |7 > 12¢

11We are assummg v is positive.
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7.2.2 Convergence in the Scalar Positive, Locally Conformally Flat Case

Theorem 7.2.5 There ezists a C > 0 depending on diam(d9), dist(qg, 8), dist(go, 0®(V')) and
the constant C such that @ip > C ™1, |[ig]|ca < C on ®(V), so that we have |§(t)| < C for all
t€0,77).

Proof: Fix T € (0,T*). By possibly performing a rotation of coordinates and the transformation
Tp — —Tp, we may assume that y, (T) = maxi<i<n |yi (T)|.12

By the expansion for w(-,t) and the arguments of lemma 7.2.4 we get that there exists a A\g > 1
such that for all A > \g wo (%) > wo(#) whenever z,, < A, where here wy (%) := w(,0),
7= (z',z,) and & := (2',2) — z,).

However, we note that wq is only defined on R™ \ F(02), but the results of [4] still apply here by
way of the lemma 7.2.2 which is a corollary of proposition 7.2.1 from [15]. Also, we note here that

Ao can still be estimated in terms of the constant C' such that iy > % and |0l ca(ggn) < C on
®(V), dist(qo, 09), diam(9€2) and dist(gy, 0P (V)).

gsn

We will assume that F(09) lies strictly below the plane {Z : z,, = Ao}. This is possible since there
is a neighborhood N of the north pole on S™ so that N N 9Q = ¢, thus F () must stay in some
bounded set. Then we claim that y,(T") < Ag. By the arguments from [4] and the fact that the
expansion for w(-,t) is uniform for all ¢ € [0,T] we get that there exists a A\; > A such that for all
A > A, w(i,t) > w(@, t) whenever t € [0,T] and z,, < .

Now we begin the procedure of moving the plane {Z : z,, = A\} by decreasing A. Let
w(Z,t) := w(i*,t). Then w’ satisfies

9
ot

()72 = Agnw + cfn)s(w) w2

and w* = w when restricted to the plane {Z : 2, = A\}. We then restrict w to the set
{(#t) 1 zn <N T ¢ F(0Q),0 <t < T} and define I := {\: XA > X\, A > maxo<s<7 Yn(t), w* < w}.

A

Because w(#,t) > w(i*,t) whenever t € [0,T] and z,, < ), we have I is nonempty. Also, w* = w

can never happen for A > Xy because wg(#) > wo () whenever A > \¢ and z, < X\.'> Our goal is
to show that I = (g, 00) which implies y(T) < Ag; thus implying our result.

Thus given any A € I; we consider the function v := w — w*. Then v satisfies the following

-1
vt:n — Av + bo,

o
v(

12This assumption is allowed since the equation

wn—2
“ 0)|{$n=)\} =0,
10)

l{zn<ry >0,

N

n+t+

we = Aw + cswn—2

is invariant under such transformations, namely because A is.
13 Also, one may use the singular set F(8Q) to rule out w* = w.
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where b:= (n — 1)c(n)s(t) — (1 )Aw)‘ fo WdT
Then a maximum principle argument implies that v > 0 for T, < A, or simply w > w? for z, < \.
Moreover, the Hopf boundary point lemma implies that -2 i | (=2} < 0.

For each fixed t € [0, T] we expand w(-,t) around the point #(t) to get the following *

n—2

S 5 272 i T
w(T — Y(t),t) = W(ao + ajj |1|4] +O(i=3

| | ))’

ow,, _ (n—2)2%% 1
B—Q:Z(w §(t),1) = Taoiﬂz + O(|"|n—|—1)

where (@;;) are as specified above in the discussion on the results of [4].

The plane {z,, = A} = {z, = A —yn(t)}, where now we view §(t) as the origin. Because A € I, we
have A\ — y,(t) > 0.

Next we’ll show that I is open in (Ag, 00). To do this we essentially use Lemma 4.3 and Lemma
4.4 from [4].

Lemma 7.2.6 Fort fized, assume that for some X\ > 0 we have w(i,t) > w(i,t),
w(-,t) # wr(-,,t) as functions for x, < X, then w(Z,t) > w(F,t) if z, < A and
Wa,, () [{z, =2} <O

Proof: We define v := w* — w, which satisfies v < 0 and v is not identically equal to 0. v satisfies
a linear parabolic equation, and thus the maximum principle and Hopf boundary lemma, yield the
result.

Q.E.D.

Lemma 7.2.7 The set of A for which
w(i,t) > w(@t) if z, <X (7.6)
18 open.

Proof: Suppose (7.6) holds for A = A>0. Set R:= R(’_\) from lemma 7.2.3. Then (7.6) holds for
A > 2 provided |Z| > R. Thus we only have to consider when |#| < R. If (7.6) did not hold for all
Ain some neighborhood of A, then there would be a sequence {Z; }524 with |£| < R, and a
sequence \; — A, \j > % with (z;), < A; and w(Z;,t) < w(i’j‘j,t). Then there exists a
subsequence {Z;, }?° , such that ; — %, |Z| < R, where w(Z,t) < w(#*,t). But by (7.6) we must
have %, = A. Also, we must have wy, (Z,t) > 0, which is a contradiction to the previous lemma

7.2.2.
Q.E.D.

Therefore, given any A € I, there exists a €(t) > 0 such that if X' € (A — (), A + &(t)), then
w (-,t) < w(-t). Since A > maxg<i<T Yn(t), and that our asymptotic expansion for w(-,t) '° is

4See the above discussion on the results of [4] to see the explicit calculations involved in verifying this.
5 Here we view 7(t) as the center of the asymptotic expansion.
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uniform for all ¢ € [0,7], we can choose ¢(t) uniformly for all ¢ € [0,7]. Thus there exists € > 0
such that (A — e, A + &) C I which implies that I is open in (Ag, 00).

Next we will show that I is closed in (A, 00).

Let A € I. By continuity, we have w* < w and A > maxo<t<r yn(t). If X\ = maxo<i<r Yn(t), then
there exists o € [0, T] such that A\ = y,(tg). Now let §(to) be the origin. '® We denote F(95) by
I', and consider the stereographic projection F : S — R". We define z and z* by

4

4
F (w7 ggn) = 272 ggn

and
4 4

F*((wt) =2 ggn) = ()72 ggn.
For # € S™, &',ﬁ € TzS™ we have

F* (w2 g ) (@, ) = wi? (F(Z))gar (AF &, dF f) = w= (F(2)) F* gz (@, ).

Likewise,
- 4 -

) grn (dF @, dF' )

&)
*
—~~
g
>
N
7
M
Q
=
3
N
&
N
Il
g
J
!
b
g
8

— w2 (F(Z) ) gpn (dF &, dF f) = w? (F(2)) F* g (&, ).
|
|

Recall that for 7 = (z',z,) € R*, F~1(Z) = ( 2

721 -
T T AT 2}24—1)' Thus the plane {7 : z, > 0}

maps to a hemisphere under F~1.

Thus we have the following results: z and z* are defined on S7 \ F~1(T') x [0, 7], where S" is a
hemisphere. z, z* satisfy the partial differential equation'”

a n+2
yn—2 n+2
T Ly u + c(n)sun—2.

Moreover, from their definitions, it follows that z* < z and z = 2z on os™.

Our asymptotic expansions for w(-, %) and wyg, (-, %), when viewing (o) as the origin, imply that
W( north pole ) = W( north pole ) = 0, where v denotes the inward unit normal of 9S'}.
Thus, by the Hopf boundary point lemma we then get that z = z*. Thus we get w = w?, which is
a contradiction. Thus we conclude that A > maxo<¢<7 yn(t), which implies that X\ € I. Thus T is
closed, which implies I = (\g, 00). Therefore y,(7") < A and thus |7(7)| < C for some C.

Q.E.D.

Therefore we get the following theorem

Theorem 7.2.8 Assume that (M, [go]) is locally conformally flat and that [go] is scalar positive.
Choose a background metric go € [go]. If g is a solution to (1.2) with initial metric g° € [go] and u
denotes the corresponding solution to (2.1), then

|V

sup 72"”‘ <C, (7.7)

16Via changing our coordinate system by a translation x — x — y(to), if necessary.
17Since w does and F is a diffeomorphism
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where C > 0 is a constant depending only on ¢°, go and the conformal properties of (M,[go]). For
each t, integrating (7.7) along a shortest geodesic between a mazimum point and a minimum point
of u(-,t) yields

infu(-, ) > Csupu(-,t) (7.8)
where C > 0 is a constant.

Proof: By above results, we have that |§(T)| < C, where

a(a(:,t)°G)(0)

ox;
S e )

and G(0) = qo € S™, qo is any point in &(V), and V is any neighborhood of some fixed point in M
so that dist(®(V),0) > 0. Hence we get that

|Vgsn|
U

<C
holds on ®(V’) for some C, where V! CC V. This then gives us

|v90u| S C
u

on 7(V') for some C. Since M is compact, we can cover M by finitely many such V', and
therefore obtain the last estimate on all of M by just using a larger C.

Thus we have that there exists a C so that

|v!]0u| S C
u

Now consider a shortest geodesic curve r between two points A, B such that u(ff, t) = infu(-, 1),
u(B,t) = supu(-,t), 7(0) = A and r(1) = B. We get that

Q.E.D.

Thus we get

8Tn all of the above arguments we assumed that (M, [go]) was not conformally covered by S™. However if it was,
the same arguments still apply, we just have 9Q = ¢ in this case.
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Theorem 7.2.9 Assume that [go] is scalar positive, and (M, [go]) is locally conformally flat.
Then for any given initial metric in g° € [go], the flow (1.2) has a unique smooth solution on the
time interval [0,00). Moreover, the solution metric g converges smoothly to a unique limit metric
of constant scalar curvature as t — oo.

Proof: let g be the unique solution to

0
ag - (S - R)97
gli—o = ¢°

4
on M x [0,T*), where we then write g = un-2 gq.

We know that V() = V(¢°), a constant, where V(t) = [}, dVy.5) = [}, u%dVgO. By the above
Harnack inequality infu(-,¢) > C supu(-,t) we will get that u is bounded from above and
bounded from below by a positive constant. This follows since

V(%) = /Mu%c,t)dvgo > infun=? (- 1)V (go) > C=2V (go) supun=2 (-, t).

Therefore,
2n_ V(go) _2n_
Supun—Z .’t S C n—2
0= Vg

which implies
1 V(g% n=2
supu(-,t) < — - In .

pul,0) < & (7))

Thus u is bounded from above. To show that u is bounded from below by a positive constant we
note that

2n 2n

V(g’) = /M w2 (,1)dVy, < supun (- )V (go) < C 7+ 2 infun? (-, 1)V (go)

which implies

. 2n_ V(go) 2n_
infun-2(-,t) > Cn-2
02 ¥gy)
Thus
V(g°) n=

infu(-,t) > C-(

V(g0)

Therefore, u is bounded from below by a positive constant. Therefore, T* must be oo, otherwise
we may extend our solution by local existence results to a larger time interval.

By Simon’s results in [17], we get that u converges smoothly to a unique limit uy, as t — co. We
also know that

S(t) = —”2;2 / (R — )2V

/ /(R — 8)2dVdt < oco.
0
4

which implies that

From this we conclude that Ry is constant, where go, = ud5? go-



Appendix A

The Variation of Certain Geometric
Quantities

A.1 The Variation of the Volume Form

Let g be a Riemannian metric, and A a symmetric (2,0)—tensor, and z',---,z™ a local coordinate
system.

We define g(t) := g + th, then we look at dVy) = /det(g(t)ij)dz! A --- A dz™. Now,

d 1 1 d
— _g=—————det(g;; + th;; _dl/\.../\dn_
dtd‘/!l(tﬂt—o 9 det(gz‘j) dt € (gZ] + Z])'t—O X X

Given a matrix A, we have

;;detA det Atrace[A™ 1 d ]

Therefore,
d

%d%(mt:o = det (gij)trace(g®hgj)dz' A - -+ A dz™

Mll—l

V gl]
1 .
= Eg/det(gij)gmhkidxl A---ANdz"

1
=31 [det(gi;)try(h)dz' A - A dz™

1

A.2 The Inverse of a Matrix

For G = (gij)1<i,j<n, H = (hij)i<i,j<n, we define G(t) = G + tH. For G~! = (¢g¥) we define
R =3, g’”g Ihy. For t sufficiently small we have

(G+tH) ' =T +tG 'H)'¢!

69
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= i(—tG_lH)"G_l

n=0

= (I —tG'H+t*(G*H)? +--)G!
= (G 't 'HG ' + (G H)?’ G + )

Gl —tG'HG '+ o),
where T is the matrix whose entries are all 1.
Therefore,

L6(1) " im0 = (G G HGT 4 PG HY G Yo

= (—G'HG '+ 2(G'H)?’G7 1 + -+ )|—0

=-G'HG™.

Another way to see this is to use the fact that G(t) - G(¢)~! = I. Thus,

d -1
E(G(t) -G(t)")|t=0=0
and thus
G- Lat) o+ 6@ o - ¢ = 0
dt =0T 0 =0 -

Thus, G - %G(t)_lhzo + HG~! = 0 which implies

N e gy
G0 =0 = -G HG™.

Now given a matrices A = (a;j), B = (b;j) and C = (¢;5). Then let (d;;) = D = ABC. Then
dij = Zk,l a;ibikcrj. Thus, using this for A = C = G~! and B = H we get that

gt)7 = g7 =1 g'hpg® + O(t?) = g — th¥ + O(t?),
kl
and thus

L g0l = 1.
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A.3 The Variation of the Christoffel Symbols

Recall that I‘é“j =35>, 6% gji + % gil — a%lgij}. In the following discussion we shall assume
that at a fixed point p € M we are working in a normal coordinate system. Thus at p we have
Ffj =0and 0 = Vz'gjk = a%igjk-

Let g;j(t) = gij + thij. Then quantities with respect to ¢ are with respect to the metric g;;(t).
Thus at p € M we have

1 0 0 0
k k kl . i ..
L(t);; —Ti = 3 El g(t) {—&cig(t)” + —axjg(t)zl (%lg(t)zg}

_ ! g 0y 0, 0,
- 2 zl:g(t) {amz h]l + (9.Tj hzl axl hz]}
t
= 5 Z g(t)kl{vihjl + thiz - Vlhz'j}.
l

A.4 The Variation of the Ricci Tensor

Now in local coordinates, we have

0 v 0 kol ko
Rij = ;{a—xkrz‘j - a?jrki +;(Pklrji —T50%:)}-

0
. — 2 : lp' Y k k
z ZJ {al‘k zg) al‘j (F(t)kz sz)

+ Z )il (t) Z ]lF Fk i)}

Using the notation C (t)z-j = F(t) Ff], we get

R(t)ij — Rij = » _{0:CH)F — 9;C0)f; + Y _(CHKET (1)} + THC®))
k

l

- Z ]lr kzrflc(t)kz)}

Now, assuming that we are using normal coordinates at a fixed point p € M (with respect to the
metric g of course), we get

R(t)ij — Rij =Y {VkC®)f; — V;C0)f + Y CRO®)5 — Y COHRC®)i}-
k I l

Since this quantity is invariant with respect to changes in local coordinates, we get that this
result must hold in general.

ThuS,
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= VGO ) = Vi GO Whl-o)
= VT 0 m0) = V(GO e0)
= Z{Vk Vihji + Vihi — Vihij) — V;(g¥'Vihi)}

1
= =) {g"Vi(Vihji + Vjhy — Vihig) = V;Vi(g" hig)}
243

_—ZVIVhﬂJrv hit — Vihig) — Zvvm.

A.5 The Variation of the Scalar Curvature

d
2p o le=0 = {Zg ()ij }He=o

_2{9” T B®)ili=0) — BV Rij}

= g7(V(Vihj + Vjhi — Vihij) — V;Vihi) = > h Ry

0,7, ij

= (V'Vihij — VIV;hi — hi Ryj).

2y

A.6 The Variation of [;, R,dV,

d . d 1
a /., BaoWVawl=o" = | (G:Rowli=0)dVy+5 | Rotrg(h)dVy

y , . y 1
= / Z(Vzvjhij - V]thg - hinU)thq + —/ Rgtrg(h)thq

M3 2 /M
1 g
:/ > (=R + ZR,g")h;dV,
M 2

1
= — < h,Ric(g) — ERg-g >q.

'Here we assume that M = ¢.
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A.7 The Variation of S(g) = V(9)=" [,, R,dV,

d Jur Ryvy @V

d
—S(g + th)|i=0 = =
d ([ dVyw) =

dt l1=0

4 [ RynydVylizo 2 — 220
_ ai Ju Boy sl=o | 2 ”’(/ av) = / Rgdv;,/ < h,g>dv,
(Vo) = o M Y

B < h,3Ry-g — Ric(g) — L2849 >4
- n—2 -

Vig) »

A.8 The Variation of S(g) When Restricted to a Conformal Class

Let h, k be symmetric (2,0)-tensors. We now define the following inner product < h,k >r2(r,9) =
Jar Y hi;k' dV,, where k' = > im g g™k, We define some functionals on [g] by

V(g) = /MdV!]a
F(g) = Rgd‘/g’
M
fM Rgd‘/g
S(g) = —"——=-
! (JardVg) =

We will now compute the Gateaux derivative of V. We take a variation of the metric

4 4
g+tg=(1+tur2)g=:wn2g.
['hus,

. d .
V'(9)g = =V (g +1t§)|i=0
di

=4[ By,
=@/, glt=0

d 4 n
_ %/M(l-l-tunz)degh:o

_n /M(l b )" | gur v,

2
n 4
= E/]'M’U/n_2d‘/tq

1 o4
=3 [, S o,
ij

4

1 _4_
=< Eg,un—2g >L2(M,g) -
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Next we compute the Gateaux derivative of F 2

o d
F'(9)g = 2 F (g +t9)li=o

_d [ 4n-1)

4(n —1) dw
=2
/M n—2 vgw Vg dt

< Vw,Vw > +Ryw?dVy|i—o

dw
> +ng dV ‘t 0

dw
:2/R—_dV
" gdt|t0 g

-2 4 n- 4
:2/ Rg. n4 .(1 +tun—2) 46|t:O-un—2dVg
M
-2 _4
=2 /MRgunfzdv;,

n—2 .4
= E R,g"un—2g;:dV,

n—2 4
o Rgg,um=29 >r2(p1,9) -

Now we compute the Gateaux derivative of S

=<

. d .
S'(g9)g = 7509+ 19)l=o0

F'i9)g  n—-2F(g) V'(g)g

V)= VO )T
_n-2 e ue —M un?
=5 (V(e) ' /MRg W~ () /M )
n—2

2-n _4 _4
=PV [ Ry, s, [ witay)

=" 2w /M<Rg—sg)uﬁdvs

—2
= n / Zgw un 2gleV

n—2 2-n _4
=< m (V(g)) " (Rg - sg)g,un—2g >12(M,g) -
Thus, restricting ourselves to [g], and using < , >p2(j,4) as our inner product, we have
1
gradV(g) = 59,

nt2 _
*Recall that un—2 R; = —%Agu + Rgu.
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2

gradF(g) = —Rgg,

gradS(g) =

A.8.1 The Setup of [19]

Now we consider the functional F'(g). In [19], the flow ¢: = —gradS(g) is studied. We want to now
show that this can be seen as the gradient flow of F(g) when projected onto the unit ball. Let’s fix
g with V(g) = 1. Then < g,9 >12(p,9)=n and for X :={g: V(g) = 1,9 € [g]}, we have g L T,>3.

Now, the projection of gradF'(g) onto g is

< gradF'(g),g >r2( Mg
<49 >L2(M,g)

ggz’jgij dVy,-g

Thus

gradF'(g) —

Moreover gradF'(g) — ”Q—;fsgg 1 gradV (g).

3Here we actually use that gradV (g) L .
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Appendix B

Some Results from [15]

M™ is locally conformally flat if there exists a covering {Uy, o} of M™ such that
©q : Uy — S™ and when U, N Ug # ¢, the change of coordinates map ¢g o @5 ! is a conformal
diffeomorphism from ¢, (U, N Up) onto ¢g(Uy NUR).

If M is locally conformally flat and g is a Riemannian metric on M, we say ¢ is compatible with
the conformally flat structure if for all «, ¢4 : (Us, g) — S™ is a conformal mapping which is true
if and only if g = M(z) Y1, (dz?)? for A > 0 on U,, where @, = (z,---z").

A partition of unity argument shows that a paracompact, locally conformally flat manifold admits
a compatible metric g (compatible with the conformally flat structure).

We note also the following important theorem and some of its corollaries.

Liouville Theorem B.0.1 Every conformal map of an open subset U of R™ onto an open subset
V of R" is the restriction of a composition of similarities and inversions, in fact at most one of
each. In addition, these conformal maps take hyperplanes and spheres to hyperplanes and spheres.

Corollary B.0.2 The conformal transformations of S™ are determined locally and given by
Mobius transformations.

Corollary B.0.3 For {U,, o} as above, g o g' on any connected component of q(Ua U Up)
1s the restriction of a Mobius Transformation of S™.

Suppose M is a smooth manifold and ® : M — S™ is an immersion '. The immersion then
induces a locally conformally flat structure on M, since at each point p € M there exists a
neighborhood U, of p such that ® : U, — S" is a diffeomorphism onto its image. The change of
coordinates transformation is then the identity, and hence M has a unique locally conformally flat
structure with respect to which ® : M — S™ is a conformal map.

If go is the standard Riemannian metric on S™, ®*gy is a compatible (incomplete) Riemannian
metric on M. For a manifold M™ which is simply connected and n > 3, every locally conformally
flat structure on M is induced by an immersion ® : M™ — S” called the developing map.

'd® is a linear isomorphism at each point

7



78 APPENDIX B. SOME RESULTS FROM [15]

To see this, observe that if pg € M and (Up, o) is a chart with py € Uy, then we can define

® = ¢ in a small neighborhood of py. We can then analytically continue ® along any curve
passing through pg in the following way: If ® is defined on an open arc -y, and if p € M is an
endpoint of v, then we can choose a coordinate chart (U, ) containing p and by Liouville’s
theorem we have a Mobius transformation ¢ : S — S™ which agrees with ® o ¢! in a
neighborhood of ¢(p). We can then extend ® to a neighborhood of p by defining ® = 1) o ¢. Since
M is simply connected (by assumption), we get a well-defined locally conformal map ® : M — S™.

For a general locally conformally flat manifold M, we have the immersion ® : M — S™, where M
is the universal covering manifold of M. ?

If®: M — S™ an immersion, then ® induces a unique locally conformally flat structure on M. If
gsn is the standard metric on S”, then ®*ggn» is a compatible metric on M. For M™, n > 3 which
is simply connected, every locally conformally flat structure on M is induced by an immersion

®: M™ — S™ called the developing map. For a general M, we have the immersion @ : M — S,
here M is the universal cover of M. If « is the covering map of M onto M, then if gy represents a
metric on M, we can pull back gy to get a metric gy := 7*go on M. Recall that the pull back
metric go = 7*gg is defined by: for Z € M, nz € M, take o, 8 € T M, we define

go(a, B) = go(dma, dn3). Note that if Ry, > 0, then Rg, > 0 since locally they’re the same.

The following is a theorem of [15] which gives a sufficient condition for the developing map to be
injective.

Theorem from [15] B.0.4 Let (M"™,g) (n > 3) be a complete Riemannian manifold. Suppose
that the scalar curvature Ry is bounded and non-negative. Let @ : M — S™ a conformal map.
Then @ is injective and 0P has zero Newtonian capacity. If gsn» denotes the usual metric on S™,
and ® : M — S™ is the immersion mentioned above. Then ® is a conformal diffeomorphism onto
Q C S™, an open dense set. Thus ®*gsn = fgo, for some f > 0.

*Let p: E — B be a continuous surjection. An open set U C B is said to be evenly covered by p if p~'(U) is a
disjoint union UV,, Vo C E such that for any «, p|v, is a homeomorphism onto U. {V,} will be called a partition
of p~1(U) into slices. If every b € B has an open neighborhood U which is evenly covered by p, then p is a covering
map and FE is said to be a covering space of B. To eliminate trivial coverings of the ”pancake-stack” variety, one
often requires E to be connected. If p : E — B is a covering map, then p : E — B is a local homeomorphism, but
the converse is not necessarially true. If E is simply connected and p : E — B is a covering map, then F is said to
be a universal covering space of B.
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