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Abstract. We consider the problem of prescribing Gauss-Kronecker
curvature in Euclidean space. In particular, by a degree theory ar-
gument, we prove the existence of a closed convex hypersurface in R?
which has its Gauss-Kronecker curvature equal to F', a prescribed pos-
itive function, which is invariant under a fixed-point free subgroup G
of the orthogonal group O(3), requiring that F' satisfy natural growth
assumptions near the origin and at infinity.

1. INTRODUCTION

1.1. The Weingarten Curvature Problem. We consider the problem of
the existence of a hypersurface in R**! with prescribed Weingarten curvature
on radial directions. Recall that for a compact hypersurface M C R**!, the
k™™ Weingarten curvature at & € M is defined as

Wi (%) = ok (k1(D), - -, kn(T)), (1.1)
where k = (K1, - , k) are the principal curvatures of M and
oML M) = > Ay, 1<k<n, (1.2)

1<t << <n

is the k' elementary symmetric function. Given a function F : R+t — Rt
we would like to examine if there is a hypersurface M C R"*! which is
star-shaped about the origin, satisfying

Wi (Z) = F(¥) Y& e M. (1.3)
When k = n, W, (Z) = K(Z) is the so-called Gauss-Kronecker curvature of

M at Z.
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1.2. Some History of the Problem (1.3). In 1979-80, S.T. Yau raised
the question of sufficient conditions to be placed on F : R**1\ {0} — R to
insure the existence of a solution to (1.3) (see [25]). Since the early 1980’s,
problems of this type have been studied extensively.

The case of F' being constant was studied by various mathematicians. In
the case of k = 1, in [2] A.D. Alexandrov showed that an embedded solution
to (1.3) must necessarily be a sphere. In the immersed case, there are known
counterexamples. See for instance [10] and [24]. When k = 2, Ros [20] and
Korevaar [12] showed that the sphere is the only embedded hypersurface
with constant scalar curvature. In the case £ = n, we may conclude via
the Hadamard theorem that M is strictly convex. But if we know that Wy
is constant for some k then we may conclude that M is a sphere, see for
instance [11], [16] and [17].

When F is positive and defined on {# € R*"™! : ry < |7 < 7o} and F
satisfies F(Z)|Z]* > CP for all |#] = r1, F(Z)|Z|* < Ck for all |7 = 7o and
a%(ka(pf)) < 0 for all £ € S", then in the case k = 1, Treibergs and
Wei [22] and Bakelman and Kantor [3] showed that there exists a solution
to (1.3). If k = n, Oliker obtained a solution to (1.3), and in the general
case Caffarelli, Nirenberg and Spruck [4] obtained a solution. The solutions
obtained are unique up to homothety. In [5], Delanoé dropped the assump-
tion a%(p”F(pf)) < 0 and obtain a solution to (1.3) when k& = n. However,
uniqueness of solutions no longer holds in this case.

Oliker [18] and Caffarelli, Nirenberg and Spruck [4] used the so-called
method of continuity to obtain their results. In order to apply the in-
verse function theorem, they needed to show that the linearized operator
for (1.3) has trivial kernel. In order to do this, they required the condition
a%(ka(pf)) < 0, and made use of the maximum principle. Moreover, this
monotonicity condition also gives the uniqueness up to homothety via the
maximum principle. In [23], Tso considered this problem (1.3) when k =n
and obtained some results via a gradient flow method. In particular, Tso
raised the question of existence of solutions to (1.3) when F is bounded be-
tween two positive constants. It should be noted that unless F' is constant,
Oliker and Delanoé’s results do not cover this case. In [16], Li addressed
this question. Here Li used a topological degree theory method to study
this problem. It should be noted that the advantage to the degree theory
approach is that one does not need to show that the kernel on the linearized
operator for (1.3) is trivial. However, in order to apply the degree theory
argument, it is necessary that the function F' be group invariant under a
fixed-point free subgroup of O(n + 1).
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In [16], Li showed that if F is strictly monotone in one direction, then there
does not exist a solution to (1.3). In particular, for F(%) = 10m+tan~! z,41,
there does not exist a solution to (1.3). Li addressed the issue of uniqueness
of solutions to Wy = ¢ > 0 by using the method of moving planes, concluding
that any embedded solution must be a sphere. Li showed as well that if F' is
bounded and group invariant under a fixed-point free subgroup G C O(n+1),
then there is a solution to (1.3). He also has some more general results for a
wider class of functions F', which are a generalization of the condition of F
being bounded between two constants, and G-invariant under a fixed-point
free subgroup of O(n + 1).

Other results of interest are Guan, Lin and Ma [9] who addressed the
issue of convexity in the general k case. Note that unlike the case of k = n,
a solution to (1.3) may not be convex. See also results of Gerhardt, who
addressed the issue of convexity of solutions of (1.3) as well as (1.3) in the
setting of Riemannian manifolds and Lorentzian manifolds. Guan, Lin and
Ma, Delanoé and Treibergs also considered (1.3) when F' is homogeneous
of degree —k. In this case, (1.3) may be viewed as a nonlinear eigenvalue
problem.

1.3. The Results in this Paper. We consider this problem (1.3) when
n = k = 2. We will assume that F' is positive and satisfies certain growth
assumptions near the origin and at infinity. F being positive insures that any
hypersurface M with Gauss-Kronecker curvature K (X) = F(X) for X € M
is necessarily convex; this follows from a a well-known theorem of Hadamard.
Moreover, we shall also assume that F' is G-invariant, where G C O(3) is a
fixed-point free subgroup. Recall that a subgroup G C O(n+1) is said to be
fixed-point free if for any € S™, there exists a ¢ € G so that gZ # z. We
note that this condition is necessary to establish our result via the degree
theory argument established in [16]. Moreover, our result is an extension
of that in [16], which proves this result in the case that G = Zs, as well
as more general fixed-point free subgroups of the orthogonal group under
stronger growth conditions. Our main result in this paper is the following
theorem in R3:

Theorem 1.1. Let F € C{Z’f(R3 \ {0},RT), k > 2, a € (0,1), satisfy
F(gX) = F(X) for all X € R3\ {0}, g € G, where G C O(3) is a
fized-point free subgroup of the orthogonal group. Suppose F also satisfies:
liminf g F(X)|X)? > 1, limsup, ¢, F(X)|X|? < 1. Then there exists

p € CH20(S2 RYY such that the surface M = {X = p(2)Z : T € S?}
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is strictly conver and has Gauss-Kronecker curvature K(X) = F(X) at

X = p(&)Z. Moreover, p(9&) = p(Z) for all T € S, and g € G.

We remark that the conditions on F' in Theorem 1.1 are the weakest
possible growth assumptions we may suppose. To see this, suppose Y, € M
satisfy |Y| = supzea |Z], |7] = infzear |2], then we must have K (Y) > -2

=P
and K(y) < ﬁ Thus for any fixed ¢ > 0, the functions F(X) = ‘1)(?'2

do not admit a solution hypersurface M with Gauss-Kronecker curvature
K ()Z ) = ‘1)(?"; for all X € M, for either choice of +. Moreover, in [16],
Li showed that the function F' which is strictly monotone in one direction
does not admit a a hypersurface M which is a solution to F(X) = K(X)
for all X € M. In particular, the function F(X) = 107 + tan~(X,41)
does not admit a solution to F(X) = K(X). Hence, our group invariance
assumption cannot be removed in general. We remark as well that a version
of Theorem 1.1 is still an open problem in R"*! with F satisfying the
obvious analogous conditions, and G C O(n + 1) being fixed-point free.
Theorem 1.1 will be established by solving the following fully nonlinear

elliptic equation of Monge-Ampere type for u = %, when n = 2.

2 oy-nt2 npdet(Viju+uey) 1
Vgn 2 =F 1.4
(02 + [Vgrf?) =52 S o 04
for u > 0 in S", where ¢;; =< €;,e; > is the metric for S”, e1,--- ,e, is a

local frame and V is covariant differentiation on S™ with respect to the usual
metric on S™.

We remark that Theorem 1.1 will follow once we establish C° estimates
for p. More specifically, by results of [4], [6], [13] and [18] we get higher
regularity results. Then as in [16], we will use degree theory for group
invariant functions to get the theorem. We shall establish the necessary C°
estimates by establishing the following lemma.

Lemma 1.2. Let 0 < Ry < Re < oo be constants, and suppose p €
C(R*,RT). Suppose F € C(R3\ {0},R") satisfies:

F(X)| X <1 V|X|€(0,R), (1.5)
FRIRE>1 V]| € (Rao0), (1.6)
. 1 .
min ¢(s) < F(X) < max ¢(s) 0< - <|X|<r < oo, (1.7)
l<s<r 1<s<r r

F(gX)=F(X) VX eR*\{0},9€@, (1.8)
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where G C O(3) is a fized-point free subgroup. Let p € C?(S?,RT) satisfy
p(9%) = p(Z) for all ¥ € S?, g € G, and the Gauss-Kronecker curvature of
M ={X = p(@)%:ZcS?} at X = p(Z)T is given by K(X) = F(X). Then
for some positive C = C(Ry, Ra, ¢, G) we have

max p = pmax < C, (1.9)
néiQHp = Pmin > % (1.10)

2. THE STRUCTURE OF THE PROOF OF LEMMA 1.2
We first note the following fact about fixed-point free subgroups of O(3).

Proposition 2.1. Let G be a fized-point free subgroup of O(3), then one of
the following must hold

(i) G contains diag{—1,—1,—1},

(i) G contains an element g with complex conjugate eigenvalues o + i3,
B #0,

(iii) there exists an orthonormal basis {e1,ea,e3} so that with respect to
this basis, H := {diag{1, —1,—1}, diag{—1,1, -1}, diag{—1, -1, 1},
diag{1,1,1}} C G.

Proof. Suppose that cases (i) and (ii) do not hold. Then diag{—1,—-1,—1}
is not in G and all elements of G have real eigenvalues. We first claim
that there is an element in G with eigenvalues —1,—1,1, for if not, there
are two distinct elements with eigenvalues —1,1,1, and their product has
determinant 1, and we thus have an element with eigenvalues —1,—1,1 or 1
and two complex conjugate eigenvalues.

Thus g = diag{—1,—1,1} € G, when using an appropriate basis e, ez, €3
of R3. Since this fixes ez, there is another distinct v € G, which has eigen-
values —1,1,1 or —1, —1, 1. If « has eigenvalues —1, —1, 1, then with respect
to the e, es, e3 basis we have

-1 0 0
v = 0 —cos2a —sin2a |,
0 —sin2a cos2a

for some a € (0, 5]. By considering g+, we find that a = 5, and this gives

us (iii). If v has eigenvalues —1,1, 1, we get that in some basis we may write
-1 0 0 —cos23 —sin28 0
g= 0 —cos2a sin2a |, v=| —sin28 cos28 0 |,
0 sin2a  cos2a 0 0 1
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for some a,|3] € (0,5]. We then consider the product gvy. —1 is clearly
an eigenvalue for gy and the other eigenvalues must satisfy the equation
A2 — (cos2a + cos 28 — cos2acos2(3 + 1)A + 1 = 0. However, |cos2a +
cos23 — cos2acos2B + 1| < 2 on [0,F] x [-F,5]. If this is less than 2,
then gy has complex eigenvalues, and if this is equal to two we have either
a or B = 0 which is not allowed, or diag{—1,—1,—1} € G, which is a
contradiction as well. g

We remark that if (i) holds, Theorem 1.1 follows from a result of [16].
Hence we may assume (ii) or (iii) holds in proving Lemma 1.2. If (ii) holds,
then there exists ¢ € G and an orthonormal basis {e1, €2, e3} of R3 so that
in this basis we have:

cosf sinf O
g=| —sinf cosf O (2.1)
0 0 +1

for some 6 € (0,7) and choice of 1. Moreover, in the case where —1 is an
eigenvalue of g, we distinguish between the cases 0 = § and 0 # 5. We also
distinguish whether or not 6 is a rational multiple of 7. If 8 is not a rational
multiple of 7, then it follows that p|{(;y.»):2—constante(~1,1)} 1S constant. In

the case where 6 = "w, (m,n) = 1, it follows that

21 2

cos=f gin=lL (
— sinr%r cos % 0| eg, (2.2)
0 0 1

since we can always find an even k and some integer j so that k7w =
%7‘(‘ + 29m.

We also remark that in case (ii), if 1 is an eigenvalue of g, then we know
there is another distinct element v € G. We find that v must be of one of
the following forms:

cos ¢ cos asin ¢ sin o sin ¢
y=| —cosasing cos?acos¢+sina cosasina(cosg — 1) (2.3)

—sinasing cosasina(cos¢ — 1) sin® acos ¢ + cos® a
for some a € (0, 5] and ¢ € (0, 7);
—1 0 0

vy=1| 0 —cos2a —sin2«a (2.4)
0 —sin2a cos2«a
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for some a € (0, 5];
—cos?f+sin?3 —2cosfsinfBcosa  —2cos[Bsinfsina
v=| —2cosfBsinfcosa 1—2sin®Fcos’a —2sin’PBeosasina |, (2.5)
—2cosfsinfsinae —2sin® Beosasina 1 — 2sin? Bsin’ a
where a € (0, 5], |B] € (0, 5]. We note that case (2.3) corresponds to a case

where v has complex elgenvalues, (2.4) corresponds to the case where v has
eigenvalues —1, —1,1 and (2.5) is the case where v has eigenvalues —1,1, 1.

3. SOME INITIAL ESTIMATES

Let p be a solution to (1.4). We will now establish some a priori estimates
for p.

At this point we recall a result of [16] (Lemmas 2.1 and 2.2), which we
shall give a proof of here as well.

Lemma 3.1. Under the assumptions of Lemma 1.2 we have

rréiQHp = Pmin < Ro, (3.1)
n:ézgxp = pPmax > R1. (3.2)

Proof. The inner unit normal to M at X = p(Z)Z is given by
Vonpl@) — p(@)7
VIVen (&) + p?(F)
Let Zmin, Tmax € S™ be such that pmin = p(Zmin) and pmax = P(Fmax). By
comparing the Gauss curvature of M at pminTmin With a ball of radius ppin

and the Gauss curvature of M at ppaxZmax With a ball of radius ppax, the
result then follows. ]

Lemma 3.2. Suppose maxgz p> Ry, mingz p < Ry and ming p > C'maxg2 p.
Then there exists 1 < C' < 0o so that 1 <p<C onS.

Lemma 3.3. Suppose that with respect to some orthonormal basis {e1, ea, €3}
of R3, which gives rise to a coordinate system (x,vy,z), we have

(

cosf) sinf O

g=| —sinf cosf O
0 0 =41

If =1 is an eigenvalue of g, we shall suppose 6 # 5 holds as well. Then for

any P € S? we have

p(P
p|{(x,y,z):z:zp} > %u (33)
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where P = zpey + ypes + zpes = (xp,yp, 2p).

Proof. We need only consider the case where § = ™m. By (2.2), the result
follows using convexity. 0

Lemma 3.4. Suppose

cosf) sinf O
g=| —sinf cosf 0 | €@,
0 0o -1

for some 0 # 5. Let P € S? be a minimum point of p. Let P = xpe; +
ypes + zpes. Then for zp ¢ {0,+1} we have

M C{y2): | < =58 Vel e <2220y (34)
Bd \/1— 22
P
For |zp| = 1, we have
M € {(r,,2) : ¢l < minp}. (3.5)

and for zp = 0 we have
M C{(z,y,2) : z e R,\/a? +y? < 2H§i2np}. (3.6)

Proof. We know that M C {X € R3 : X - vP < ming p,Vy € G}. Let
X=x<X,X'>X'+<X,eg>e3 [|X=1,<X, X' >>0,< X' es>=0
and P =< P,P' > P'+ < Pieg > e3, |[P'|| =1, < P,P' >>0, < P'e3s >=
0. Then .
néénsz"yP
=< X, X'>< PP >< X', yP' >+ < X, e5 >< P,e3 >< ves, e3 > .
If P = e3, then < )?, e3 >< es3,ve3 >< mingz2 p. Thus we have
M c {(z,y,2) : |2| < minp}.

If < Pes >=0, then < X, X’ >< X/,vP >< mingz2 p. We can choose ~
so that < X', yP >> 3, and thus we get

M C{(z,y,2) : z e R, /a2 +y%> < 2n§iznp}.

In the case where < P, P’ >, < P,e3 ># 0, we first require
< X,e3 >< vyes,e3 >= | < X, es > |, by picking v appropriately. We then
get < X, X' >< X' vP' >< P, P’ >< ming2 p. By appropriate choice of

v we also require < X', vP' >> . Thus we get < X, X' >< 221;:1532,5
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Next, we choose v such that < )_(",'yP’ >> 0 and < )z,eg >< yes,e3 > =

minsg P

| <X, e5> | Thus, we get | < X, e3> | < P, Hence,
M C{(ey,2): o] < oSl b pyp <o MR E

2P| \J1-2%

4. PROOF OF LEMMA 1.2

—

Proposition 4.1. Suppose M; = {p;(Z)% : & € S*} is a family of hyper-
surfaces with Gauss curvature K; satisfying (1.5)-(1.8) for some 0 < Ry <
Ry < 00, ¢ € C(RT,RT) and some fized-point free G C O(3). Suppose

sup{|X|: X = (z,y,2) € M;,1 < z <2} = O(1).
Let A; = maxgz p;. Suppose there exists 0 < C <1, independent of i, so that
for B; :== CA; we have {(0,0,tB;) : t € [-1,1]} C M;. Then (1.9) holds for

{pi}, for some C = C(Ry, Ra, ¢, C).
Proof. Suppose the contrary, then we define
6; == sup{r > 0: (z,,2) € M, 2> + y*> < r?}.

We know 5 = O(1). By convexity of M;, we know that {(z,y,1) : 2?2 49? <
(512} C M;, where §; := §;(1 — ﬁ) (use similar triangles to see this). Also,
by (1.7) of Lemma 1.2 we have

inf{K;(X): X = (z,y,2) € M;,1 < 2<2} >Cy >0, (4.1)

with Cj independent of 1.
We consider the comparison surface

Si(t) = {(z,y,2) : 1 < 2 <2,2% +y* = 62(1 + tsin[(z — 1)7])}.

We know that the Gauss-Kronecker curvature of S;(t) is O(t). It follows from
(4.1) that there exists to > 0 such that S;(¢) lies inside M; for 0 < ¢ < .
Thus, it follows that {(z,y,3) : 22 + y®> < (1 + t0)d?} C M;. Then by
convexity, we have that

BZ‘—Z

{(ﬂfayvz)i%SZSBmiﬂg—FyQS[vl—i—toéiB‘ 3]2}CMZ'.
)
Hence, we get that
S B; —2 ~
{X =(2,9,2): 2> +y* < [V1 +t05iB? 12} C M.
()
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Thus, by the definition of §; we have

V14t 0 < 6; = (1— 0;
+ 0 i—% 1 > Ug ( Bz +2) [3)
and hence B 9 )
VI +fo(= 1 1.
T )
This is a contradiction if 7 >> 1. O

Proposition 4.2. Suppose M; = {p;(Z)Z : ¥ € S?} is a family of hypersur-
faces with Gauss curvature K; satisfying (1.5)-(1.8) for some 0 < R} < Rp <
00, p € C(RT,RT) and some fized-point free G C O(3). Let A; = maxge p;.

Suppose there exists 0 < C < 1, independent of i, so that for B; := CA; we
have {(x,y,z) : 2 =0,y/2?2 +y> < B;} C M;. Then (1.9) holds for {pi}, for
some C'= C(Ry, Ry, 0,C).

Proof. Suppose the contrary. Since B; — co, we may assume B; > 6 for all
i, which implies that
{(IE,y,Z) : (,CE*CL)2 + (yib)z < 1,&2 +b2 = 452 = 0} C Mi?

for any choice of (a,b) satisfying a? 4+ b> = 4. In particular,

D:={(x,y,2) :2”+ (y—2)> < 1,2 =0} C M,
Consider

S :={(z,y,2) :2* +(y—2)2+22=1,2>0}.
We may deform D to S in a continuous manner by a family of surfaces S(t) so
that S(0) = D, S(1) = S and so that any point P € S(t) \ 9S(t) has Gauss-
Kronecker curvature K(P) = t2. Thus the Gauss-Kronecker curvature is
O(t) ast — 0.

Moreover, by our bound (1.7) of Lemma 1.2, we see that there exists
to > 0 so that, for 0 < ¢ < tg, S(t) lies inside M;. Also, M; contains the
reflection of S(t) about the xy-plane, for any ¢ € [0,%p]. In addition, the
choice of @ = 0 and b = 2 was arbitrary, thus we get that

{(:L‘,y,z) : _\/%S z < \/%,962—1-342 34} CMi.

Hence, ming2 p; > /o.
Now, for t € [0, 1] consider the following comparison surfaces ¥;(0) =

{(2,9,0) : 22 +42 < B} and for t € (0,1] Di(t) == {(z,y,2) 1 a2 +9? < B,

N
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The ¥;(t) are spherical caps of spheres with radii % + % —1, passing through
2
the curve {(z,y,0) : 22 + y? = %} and having centers

0.0, /B dap o By

Hence, the Gauss-Kronecker curvature of any interior point X € X4(t) has
value m. Clearly, ¥;(0) N M; = ¢. Let ¢} € (0, 1] be the first time (if
P

any) that there exists X; € X;(¢)NM;. Thus for t <t we have 3;(t)NM; = ¢.
Moreover, at any such X; we have X; € Ei(t5) \ 0%;(t}), because for each
fixed i, 03;(0) = 0%;(t) for all ¢t € [0, 1]. Therefore,

1

5+ 1%

KZ(XZ) <

However,
5 B 1
Xl < (5 + 5 - D
t
Thus, K;(X;)|X;|? <1, and by (1.6) of Lemma 1.2 |X;| < Ry. Thus, |X;|
[Vto, Ro] and K;(X;) < ————. This is a contradiction to

(74‘%—1)
min s) < K;(X)) < max S
mgngzw( ) < Ki(X;) < \/%SSSR2(,0( )
if i >>1. t

Proposition 4.3. Suppose M; = {p:(Z)Z : & € S?} is a family of hy-
persurfaces with Gauss curvature K; satisfying (1.5)-(1.8) for some 0 <
Ry < Ry < 00, ¢ € C(RT,RT) and some fized-point free G C O(3). Let
€; = minge p;. Suppose there exists 0 < C, C < 00, independent of i, so that
M; C {(z,y,2) : |2| < Ce;}, and maxg p; < C. Then (1.10) holds for {p;},
for some C' = C(Ry, Ra, ¢, C, C’)

Proof. By changing our coordinate system, we may also suppose that a
maximum point of p; lies in the xz-plane with x > 0. If X; = (2,0, 2)
is a such a maximum point, where |X;| > Ry, then (z7)2 > R? — (2)? >
R% - 6’26?. Thus we have z* > %Rl for i >> 1.

Next, we shall construct a family of comparison surfaces. Consider the
curve C' = {(z,y,2) :y = 0,2 > C+1,(x — C —1)2 4+ 22 = (202}
Let S; be the surface obtained by rotating C* about the z-axis and keeping
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only the portion in {(z,y,2) : © > 0}. Let S;(¢) be the surface obtained by
translating S; in the direction (—t¢,0,0).

For t = 0 we know S;(0) N M; = ¢; this follows from the construction.
Let t; > 0 denote the first time when S;(t) N M; is non-empty, and let
X; € Si(t¥) N M;. Clearly, we know |X;| > Bt i >> 1. Ki(X;), the
Gauss-Kronecker curvature of M; at X’i, is greater than the Gauss-Kronecker
curvature of S;(t}) at X,. This in turn is greater than or equal to m,
which tends to infinity as ¢ — oco. This gives the desired contradiction via
assumption (1.7) of Lemma 1.2, which tells us

min _o(s) < K;(X;) < max _o(s). O
M<s<C M<s<C

4.1. Case where G has an element with eigenvalues —1, cosf+isin#,
0 # 5. Suppose (1.9) of Lemma 1.2 does not hold. Then there exists R1, Ra,
cosf sinf O
¢, G, with g = | —sinf cosf 0 € G, 0 # 75, and families {K;}2,
0 0 —1
{pi}52, such that (1.5)-(1.8) in the statement of Lemma 1.2 hold, but A; :=
maxgez p; — 00 as i — 00, where K; is the Gauss-Kronecker curvature of
M; = {p;(¥)7 : ¥ € S?}. There is an ¥; € S? N {(z,y,2) : 2 > 0} so that
pi(Z;) = maxg2 p;. Fix 0 < e << 1. We define

0, = cos™ < &, (0,0,1) >,

and we consider whether §; € [0,¢), 0; € [¢, T —¢], or 0; € (§—¢,5]. Without
loss of generality, by otherwise taking a subsequence and re-indexing, we may
assume that for all ¢ € N only one of the three possible cases happens.

First we assume that for all i, 0; € [¢, T —¢]. By Lemma 3.3 and convexity,
we know that {(x,y,2) : |z| < A;cosb;,x? + 9% < AT?sim2 0;} C M;. Then
using our bounds on 6;, we get {X € R3: |X| < % sine} C M;. This gives
a contradiction to mings p; < Ra.

Now we assume 6; € [0,¢) for all i. As above, we see that {(z,y,2) : |z| <
Ajcosb;, 2% + y? < Afgsin2 0;} C M;, and thus we have {X € R? : |X| <
% sinf;} C M;. Thus Ry > mingz p; > % sin f;, and hence we have 6; — 0
as i — 00. o

Next we claim that sup{|X| : X = (z,y,2) € M;,z € [1,2]} = O(1).
For suppose not, then there is P; € S? so that p;(P;) — oo and z; =<
pi(P;)P;, (0,0,1) >€ [1,2]. Then Lemma 3.3 and convexity yield {(z,y, z) :
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2] < Ajcose, 2 +y? < R¥(2)} € M;, where

A;cose — 2 5

2
i - ; JDZ — 24
Ri(z) 2(A;cose — z) pilF) =i
if z; <z < A;cose and
A;
Riz) = 5 me L2 fa(py) - 22

2(A;cose + z)

if —A;cose < z < z,. Thus we obtain that for ¢ >> 1 we have {(z,

x,Y, %)
2| < min{p;(P;), 4; cose, /22 +y? < F(min{p;(P;), A;cose} — |2|)} C M;.
It follows that for i >> 1 we have that

(X eR3: |X| < \/Ll_?min{Ai cose, pi(P;)}} C M.
This contradicts the fact that mingz p; < Ra. We thus obtain that sup{|X]| :
X = (z,y,2) € M3,z € [1,2]} = O(1). We then apply Proposition 4.1 to get
the desired result.

Lastly we suppose that, for all i, 6; € (§ —¢,5]. In this case we have
{(z,y,2) : 2 =0,22 + 9% < %A? cos?e} C M;. Hence, the result follows from
Proposition 4.2. Thus we have established (1.9) in this case.

Now we will establish (1.10). Suppose the contrary, then there exists

cosf sinf O
Ry, Ro, ¢, G, g = | —sinf cosf O € G, with 0 # 3, and families
0 0 -1
{Ki}2, {pi}2; so that (1.5)-(1.8) of Lemma 1.2 hold, but ¢; := ming2 p; —
0 as i — oo, Where K; is the Gauss-Kronecker curvature of M; := {p;(Z)Z
7 € §%.

Fix 0 < e << 1. Let 7 € SN {(z,y,2) : 2 > 0} be such that p;(¥;) =
ming2 p; and let ¢; := cos™! < #;,(0,0,1) > . Without loss of generality,
we suppose for all 7 € N one of the following: ¢; € [0,¢), ¢; € [e,5 — €], or
i € (_ - & 2]

First we suppose that 4,0z e €, 5 — 5]. By Lemma 3.4, we have M; C
{(33 y, ) |z| < COS x +y < [251:1:0 ] } Now, siiiapi < sier:e — 0asi — oo,
and S O as ¢ — o0o. This is a contradiction to maxg2 p; > R;.

COs QO — Sll’l 3

Hence ¢; € [g, § — €] cannot happen for infinitely many i € N.
Nest we suppose that p; € [ ) for all i € N. Then by Lemma 3.4, we
have M; C {(z,y,2) : [2| < 25 2?4y < <255 ]2}. Thus, we get p; — 0.

Moreover, for i large we have M; C {(z,y,2) : |z| < 2¢;}. We then apply
Proposition 4.3 to establish (1.10).
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Lastly, we assume ¢; € (§ — ¢, 5] for all i. By Lemma 3.4 we have M; C
{(z,y,2): 2] < %i%, 22 +y? < [2Si§—i%_]2}, and thus ¢; — Z. Thus for large

i we have M; C {(z,y, 2) : |z| < 4¢;}. Hence the result follows by applying
Proposition 4.3.

4.2. Case where G has an element with eigenvalues —1, +¢. In this

0 1 0
case, we may assume g = [ -1 0 O € G. Suppose P = (zp,yp, zp) €
0 0 -1

S? is a maximum point for p. By considering all points of the form p(g* P)g* P
€ M, k € Z, then convexity yields

\J1— 22
zZp P ~
{(ﬂ%yaz) : |Z| < ?pmaxy V x? +y2 < Tﬂmax} C M,

1 - 23|2p|

w/3z%,+1

Let Q = (29, y0,2¢) € S* be a minimum point for p. The tangent plane to
M at any point of the form p(¢*Q)g*Q, k € Z is a supporting hyperplane
for M. The region enclosed by these planes contains M, and thus we get

min 2 min
M C {(2,y,2): |2 < P2 \faZ g2 < Pmin_y

Z / 2
’Q‘ 1—zQ

1

{ZeR3: |z < Pmax} C M. (4.2)

M C{Z R : |72 < phn(——g + o)} (4.3)
1—2z5 25

Suppose (1.9) of Lemma 1.2 does not hold. Then there exists R1, Ra, ¢, G,
0 1 0

withg=| -1 0 0 | €@, and families {K;}2;, {p:i}2; such that (1.5)-
0 0 -1

(1.8) in the statement of Lemma 1.2 hold, but A; := maxg2 p; — 0o as i —

0o, where K; is the Gauss-Kronecker curvature of M; = {p;(Z)¥ : ¥ €

S?}. By otherwise changing our coordinate system, we may suppose &; =
(0,sin ¢;, cos ¢;) is such that p;(Z;) = maxgz p;. Fix 0 < ¢ << 1. We
consider whether ¢; € [0,¢), ¢; € [, 5 — €], or ¢; € (§ — ¢, §]. Without loss
of generality, by otherwise taking a subsequence and re-indexing, we may
assume that for all ¢ € N only one of the three possible cases happens.

First, we suppose ¢; € [, 5 —¢], then {Z € R? : |7] < %AZ} c M;,
which is a contradiction to pmin < Ro for i >> 1.
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__sin ¢; cos ¢;
! \/3cos? ¢;+1

1 . . 2Ro . .
> 5Aising; cose, sing; < oz — 0 as i — oo. Thus ¢; — 0 as i — oc.

Now {(0,0,t) : |t| < A;jcose} C M;, and we claim sup{|Z| : Z = (z,y,2) €
M;,1 < z < 2} = O(1). If this did not hold, then by restricting to a
subsequence if necessary, we see that M; contains a ball of radius which — oo
as i — oo, and this contradicts mingz p; < Ry. We get (1.9) by applying

Next we suppose ¢; € [0,¢) for all . Since Ry > ming2 p; > A

ss . _sin ¢; cos ¢;
Proposition 4.1. Lastly, we suppose ¢; € (§ —¢,5]. Now Azm >
% cos ¢; cose, and thus Ry > ming2 p; > % cos ¢jcose. Thus ¢; — 5. Now
{(x,y,2) : 2 = 0,\/22 + y2 < 4ising;} C M;, and the result follows from
Proposition 4.2.
Now we will establish (1.10). Suppose the contrary, then there exists Ry,

0 1 0
Ry, o, G,g=1| -1 0 0 € G, and families {K;}2,, {pi}32; so that
0 0 -1

(1.5)-(1.8) of Lemma 1.2 hold, but &; := ming2 p; — 0 as i — oo, where
K; is the Gauss-Kronecker curvature of M; := {p;(Z)7 : ¥ € S§?}.

Fix 0 < € << 1. By otherwise changing our coordinate system, we may
suppose Z; = (0, sin ¢;, cos ¢;) is such that p;(#;) = mingz p;. Without loss
of generality, we suppose for all i € N one of the following: ¢; € [0,¢),
pi€le, 5 —¢)or ;e (5 —e 5]

First we suppose ¢; € [¢,% —¢]. Then M; C {¥: |7| < ¢; S\iﬁ}. This is a
contradiction to maxge p; > R; for i >> 1. Next we suppose ¢; € [0,¢). In
this case we use M; C {(z,y,2) : |2| < iz} Lastly, if o; € (§ —¢,5] we
get M; C {(z,y,2) : |#| <2 }. The result then follows from Proposition
4.3.

4.3. Case where H C G. Let P = (zp,yp,zp) € S? be a maximum point
for p. Let {PY,P?, P3 P} = {hP : h € H}. Let II; be the plane de-
termined by {pmaxP, -, pmaxP*} \ {pmaxP?}. The region defined by the

i 7 3.7 < |zpyp2p]
planes IIq, ,II; contains the ball {# € R : |Z| < e e AT Prmax }-

Therefore,

|90PyPZP|
VA= 23) + 2hyd

{feR3: |7 < Pmax} C M.

More specifically,

yp ~
{(z,y,2) ¢ |z] < |zp|pmax, Y] < IE!(prlpmax —|z[),z =0} C M,
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2
—z
{(z,y,2) ¢ 2| < |2p|pmax, 2] < E (|zplpmax — |2]),y =0} C M,
|zp||z P
1—2123 ~
{(@,y,2) : [yl < lyplpmax, [2] < | (lyp|pmax — [y]),z = 0} C M.

zp|lyp|
Suppose (1.9) of Lemma 1.2 does not hold. Then there exists Ry, Ra, ¢,
G, and families {K;}°,, {p;}>2, such that (1.5)-(1.8) in the statement of
Lemma 1.2 hold, but A; := maxg2 p; — 00 as ¢ — oo, where K; is the
Gauss-Kronecker curvature of M; := {p;(Z)Z : ¥ € S?}. There is an Z; =
(cos a; cos 3, sin oy cos By, sin 3;), with ay, |3;] € [0, §]. Fix 0 < e << 1. For

|3i| € [0,e] we have that {(z,y,0) : \/22 + y2 < cosesin o, cos ; A;} C M;.

For |3;] € [ — ¢, 5] we conclude that {(0,0,tA;) : |t| € [0,cose]} C M;. For
|Bi] € [e, Z — €] we consider sub-cases determined by the value of ;. If o; €

[0,¢] we have {(2,0,2) : Va2 + 22 < —cseleosBillsinbil A0 « AL If o, €
\/005250052 Bi+sin? j3;

T _ < T th h h / D) < cos ¢| cos 3;]| sin 3;] A
[2 © 2]’ then we have that {(07 )% ) y te \/cos2 € cos? ﬁz+81n2 Bi } C
4

€maxgz p;, which is a contra-

Mi. If o; € [8,% — ¢], then ming p; > ﬁ sin
diction to ming2 p; < Ry for ¢ large. Hence, by applying Propositions 4.1 or
4.2 we get the desired result.

Let P = (zp,yp, zp) € S? be a minimum point for p. We define P!,... P*
as above. The tangent planes to M at p(P?)P! are supporting hyperplanes
for M and are given by {X € R3: (X —ming2 pP?)- P' =0} fori =1,--- ,4.
The region enclosed by these planes contains M, and thus

minge p mlnsz ,0
|2p| Pl

Now we will establish (1. 10) Suppose the contrary, then there exists Ry,
Ry, and families {K;}3°,, {pi}2, so that (1.5)-(1.8) of Lemma 1.2 hold, but
g :=ming2 p; » 0 as ¢ — oo, where K; is the Gauss-Kronecker curvature
of M; := {p;(¥)% : ¥ € §?}.

Let Z; be such that p;(¥;) = &;. By (4.4) we see that M; lies between
two parallel hyperplanes of distance Ce; apart for some C' independent of i.
Hence we may apply Proposition 4.3 to get the result.

HllIlS2 P
lyp|

M C{(z,y,2): |z] < — 1 (4.4)

4.4. Case where G contains an element with eigenvalues 1, cos +
cosf sinf O

isinf. Here we may assume g = | —sinf cosf 0 | € G, 0 € (0,7). Let
0 0 1
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cosf sinf O
{e1,e2,e3} be a basis for R? so that g has the form | —sinf cosf 0 |,
0 0 1
for 6§ € (0,7). Since ges = es3 we know that there exists v # g in G. We
may suppose that v # diag{—1, —1, —1}, otherwise we are done by results
in [16]. Moreover, we may also suppose that 7 fixes some point in S%. Let
{b1, b, b3} be an orthonormal basis for R? such that vb3 = b3. We may write
bs = aje1 + azes + asges. Since yes # es and b3 = by we know a% + a% £ 0.

By otherwise replacing ez with —e3, and e, ex with —=H=e; + ——2=e2,
\/“1+a2 \/‘11"’“2
a al s J—
el — es we may suppose for some o € (0,5]| we have by =
Tt T y supp (0, 3] 3
— sin aeg + cos aes.

cos¢ sing 0
First assume that in the {b1, b2, b3} basis v = | —sin¢ cos¢ 0 |, for
0 0 1

¢ € (0,7). Here we may also assume by = e; and by = cos aey + sin aes.
Therefore in the {ej, e, €3} basis we have

cos ¢ cos asin ¢ sin acsin ¢
y=| —cosasing cos?acos¢+sin?a cosasina(cosp — 1)

—sinasing cosasina(cos¢ — 1) sin® acos¢ + cos® a

-1 0 O
Next we suppose in the {b, ba, b3} basis we havey=| 0 —1 0 [. With
0 0 1
b1, b2, by as above, in the {e1, ez, e3} basis we have
-1 0 0
v = 0 —cos2a —sin2a
0 —sin2a cos2a
-1 0 O
Lastly we suppose that in the {b,be, b3} basis v = 0 1 0 |. More-
0 01

over, for a, |B| € (0, %], we may assume that b; = cos Be; + sin 3 cos aez +
sin g sin aes, by = — sin Bej +cos (G cos aey+cos (sin aeg and by = — sin aeg+
cos aes. Therefore in the {ej, e, e3} basis we have

—cos?f+sin?B3 —2cosfsinfBcosae  —2cosBsinFsina
v=| —2cosBsinfBcosa 1—2sin?Bcos’a —2sin? 3 cosasina
—2cosfsinfBsina —2sin® Beosasina 1 — 2sin? Bsin? a
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cosf sinf O

4.4.1. Case where o = 5. First, consider the case g = | —sinf cosf 0 |,
0 0 1
cos¢p 0 sing
v = 0 1 0 , 0,6 € (0,7) are in G. For P = (xp,yp, zp), we
—sing 0 cos¢

: P : P :
know mingan((sy,):z=zp} P 2 @ and Ming2n((zy.2):y=yp} P = @' Fix

any P € S2N{(z,y,2) : 2 > 0}, then p(1/1 —22,0,zp) > %P), and thus

MiNg2{(3,y,2):y=0} P = @. For any ¢ € [—1,1] we have {(z,y,2) : y =
- P
0} N{(w,y,2) : 2 = ¢} # ¢, and thus mingen{(zy 2)2=c} P > %. Hence,

ming2 p > % maxgsz p.

cosf) sinf O -1 0 0
Next, assume g = | —sinf cosf 0 |,0€ (0,7),y=1] 0 1 0
0 0 1 0 0 -1

are in G. Then for any P = (zp,yp,zp) € S?, we know that

P
min p > M
S2N{(z,y,2):2=*zp} 2

This follows from the fact that yP € {(=,y,2) : z = —2p} N'S?. The rest of
cos¢ sing 0

the proof follows as in the case | —sing cos¢ 0 |, ¢ # 5 isin G.
0 0 -1
cosf) sinf O —cos2B 0 —sin2f
Suppose g = | —sinf cosf 0 |,y = 0 1 0 , 0 €
0 0 1 —sin28 0 cos283

cosf sinf O
0 0 -1

(0,7) and |B] € (0, §] arein G. If 3| = £7, then gy = [ —sinf cosf 0

€ G. Hence we may assume [3| < 7.
Let P = (zp,yp,zp) € S? N {(z,y,2) : z > 0} be a maximum point

for p. Let P* = (sign(B8)y/1 — 2%,0,2p) and observe that p(P*) > 1p(P),

zp — zype > |sin2]4/1 — 2%.

We will now choose 0 < € = ¢(|]) << 1 so that for some 0 < C(|8]|) < 1,
we have P € SN {(x,y,2) : 2 > 1 — ¢} implies yP* € S? N {(x,y,2) :
—C(|8]) £z <1—¢}. If [B] € (0, ) we will simply require ¢ < 1 — |cos2/3|.
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For 3| € [§, %), we will require that 0 < ¢ << 1 satisfies ¢ < 1 — | cos 20|
and \/ev/2 — ¢|sin 28| + (1 — ¢)| cos 26| < 1.
Suppose first that P € S?N{(z,y,2) : 2 > 1—e}. If z,p+ < 0, then we have

max * max max V 1-C /6

{(z,y,2) : z € [2 ZWP ,PmaER ] a2+ y? < (P - 2) s |3‘| } C M.
If z,p» > 0, then choose @ € SN {(z,y,2) : z < 0} such that p(Q) =
Pmax- Thus we get {(z,y,2) : z € [ pmaxpr*]’\/m < (P 4
z)\/%} C M. IfPeS*n{(z,y,2) : z<1—e}, then choose Q € S* N
{(z,y,2) : z < 0} such that p(Q) = pmax- Thus we get {(x,y,2) : z €
[%’%]’ /2 +y2 < (Pm% + z)\/\;é} C M. In all cases we have
shown that mingzny(zy,2).2—0y p > C(G) maxg: p, for some C(G) > 0. Now,
Zy(+1,0,0) = Fsin 23, and thus

) C(G)
min P> 7
{(z,y,2):2==% sin 28}NS? 2
and thus
{(x7y72) . ’Z’ < C(G)’5132ﬂ|pmax7 (72 2 T2 < C(G)|002525\Pmax} c M.
If |3| = § then we see that
c(G) C(G)

{(xay7 Z) : ‘Z‘ < Tpmaxa 2?24 y? < Tpmax - ‘Z|} C M,
and thus {X € R3: |X| < C(G)Z_%pmax} C M.

4.4.2. Proof of Lemma 1.2 if « < § and vy has eigenvalues 1, a +1b, b # 0
or1,—1,—1. Let P € SN {(z,y,2) : 2 > 0} be a maximum point of p. We

-1 0 0
define P* := (0,4/1 — 2%, zp), Pr:=| 0 —cos2a —sin2a | P*.
0 —sin2a cos2«a

By construction, we have P* € {(z,y,2) : z = zp} NS?, and thus p(P*) >
$p(P) and p(PT) > 2p(P). Moreover, zp — zpt > sin(2a),/1 — 22.

First we consider the case where a € (0,%). Fix ¢ = £(«), small and
positive so that — sin(2a)/eyv/2 — e+cos(2a)(1—¢) > 0, and 1 —e > cos(2a).
If PeS?N{(x,y,2):2>1—¢}, then we have zpt > —sin(2a)/zv/2 — € +
cos(2a)(1 —¢€) > 0. Also, zpt < cos(2a) <1 —e.



1122 RICHARD MIKULA

In this case we may also choose Q@ € S? N {(z,y,2) : z < 0} so that
p(Q) = maxg2 p. By convexity, it follows that

maxgz p maxsz p
{(a:,y,Z) VS [ ] 2Q> ] ZPT]7
€ maxsz p ~
2 2 < Cc M.
Va2 ty? sy fo—(z+ —)}

This implies

. € Imaxgz p
min p>,/—— .
S2n{z=0} 2—¢ 8

If Pe{(z,y,2):0<2<1-¢e}NS? then as above, we find Q € {(z,y,2) :
z < 0} NS? satisfying p(Q) = maxg2 p. In this case we have

{(z,y,2): 2 €
Va2 7 <

maxsz p maxgz p

2 ZQ7 2 ZP]?

o+ S0y

2—¢
This implies
min p> € maxgp
S2n{z=0} 2—¢ 2
Now we consider the case where o = Z. For P € {(z,y,2) : 2 > 0} NS? a

maximum point of p, we have zpt = —4/1 — z% <0.Fix0<e<<l1 If we

have P € {(z,y, 2) : z > e} NS?, then zp+ > —V/1 — 2. Hence, by convexity,
p(P P P

we have {(z,y,2) : z € | (8 )Zp‘y, %zp] Vaz+y? < 1+\/ﬁ(% —2)} C

M, and thus

1 €
min > ————————max
{z:O}mS2p T 81++V1—g2 s2 P

If we have P € {(x,,2) : 0 < z < e} NS?, then by convexity we have

{(mvyvz>:p(éP)ZPT§Z§p(8ID)ZP \/1‘2—{— 2_ 11_;8 (p(8)+ )} M’

and thus

min 2 —
{z:O}ﬁS2
Lastly, we consider the case where o € (%

2
We now fix 0 < e << 1 satisfying ¢ < i(\['igm))') .

max p.

+e
% ). In this case we have zpt < 0.
C
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First, we consider if P € {(z,y,2) : 2 > 1 — ¢} NS? In such a case we

have 4/1 — z% < \/5\/5 Thus, zpt > —% — M > —1. By convexity, we

have
P P
{(@y2): M%P* <. <20,
8 8
2\/1 — (AeoCallya (P) )
2 < L - M.
Vet 3+ | cos(2a)| ( 3 z)} C
Hence,
1 \/1 1+] cos( 2a)|)
pz max p.

(2= o}mS2 8 3+ ]cos(2a)\ 52
If Pe{(r,y,2):0<2<1—¢e}NS? then we have zp; < 0. It follows that

€
2—¢

{(z,y,2): p(éP)ZPT <z< p(éD)ZP’ 224+ y? < (z + p(éj))} c M,

min >
{z:O}ﬁS2 —€ S2

If v has eigenvalues 1,a£ib, b # 0, then Z(41,0,0) = F sinasin ¢. Moreover,
0 <sinasin¢ < 1. Hence

which implies that

1
min > —(C(G) max
{z:isinasin¢}ﬁ§2p_ 2 ( ) S2 P

Convexity then yields

{(z,y,2) : |2] <

C(G)
2

sin a sin ¢ max p,
S2

(G y
Vaz4+y?2 < %\/1 —sin2asin2¢né%Xp} C M.

If v has eigenvalues 1, —1, —1, then we have Zv(ﬁyi%ﬂ) = ¢Sm(722a). More-

over, 0 # sin(2«). Thus, we get

1
min > —C(G) max
{Z=i% sin(?a)}ﬂSzp -2 ( ) S2 P
Convexity yields
C(G)

x,y,2): |z < sin(2a) max p,
{(,,2) 2] < 5 2 sin(20) max
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Vat+y? < @\/1 — %sin2(2a)nré%xp} C M.

4.4.3. Proof of Lemma 1.2 when o < § and v has eigenvalues —1,1,1.
Let P € {(x,9,2) : z > 0} N'S? be a maximum point of p. We de-

fine P* := (0,4/1—2%,zp), and thus p(P*) > %p(P). Moreover, zp —

Zypr > sin? Bsin(2a)4/1 — 22, zyp» < max{0,1 — 2sin? Bsin®a}, and 1 —
2sin? Bsin? o > —1, since a < 5

We wish to fix 0 < € << 1 small so that for P € {(z,y,2) : 2 > 1 —
e} N'S? we have Zypr > —sin? Bsin?a > —1. Thus we will require that
e <1-— 1 and 1 — sin? @sin? o + ¢(2sin? Bsin®a — 1) —

sin? Bsin(2a) 19
1—’—[2sir112 ﬁsin2 afl}

VEV2 — esin? Bsin(2a) > 0.

Consider the case where 1 — 2sin? 3sin? o < 0. In such a case 2ypr < 0.
If P e {(z,y,2) : z > 1—¢e}NS?% then we have z,p- > —sin? asin? 3.
Therefore, by convexity

P P
{(w,y, z): p(4 )pr* <z< #Z]D,

\/WS (p(P) _Z)\/l—sin4asin4ﬁ} c M,

4 1 + sin? asin? 8

and thus

4

min p> maxszp\/l—.sirzl ()[.811214,6.
{z=0}N32 4 1+ sin® asin® 3
If we have P € {(z,y,2): 0 < 2 <1—¢}NS? then we have

{(z,y,2) : p(4P)Z'yP* <z < p(f)ZP,\/xQerQ < (@ + 2) 2:_:} c M,

. > maxgz p £
min .
{z=0}N§?2 p= 4 2—¢

Now suppose 1 — 2sin? Bsin?a > 0. Assume that P € {(z,y,2) : z >
1 —e}NS% If zyp« > 0, we may choose @ € {(z,y,2) : 2 < 0} NS? so
that p(Q) = maxgz p. Thus, we have P’[{z:zwp*}u{z=zQ}]mSQ > %maXSz p.

and thus

Moreover, z,p+ <1 — 2 sin? Bsin® o. Thus, by convexity

(g 2): F5%aq < 2 < Happe,
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2 2
\/mg(z_’_pmax)\/l—(l—Qsm Bsin a)2}C]\2f,

8 2 — 2sin? Bsin’ a
and thus
min p> maxgz p /1 — (1 7.2821112 ﬁzinz oz)Q'
{z=0}nS? 8 2 — 2sin” Bsin” «

maxg2 p

If 2yp+ < 0, then we know plif.—. . 1u(2=2 nsz2 = —5—, and thus by

yP* }]
convexity we have

Pmax

{(337y> Z) : meaXZ'yP* <z<

Pmax ) V1 —sin* asin? 8 -
—z

Zp,

2?2 +y? < C M,
v 4 1 + sin® asin? 8
and thus
min _p> maxgz p \/ 1-— .511214 @ .811214 164 .
{z=0}nS2 4 1+ sin® acsin” 3

If Pc{(z,y,2): 2 <1—e}NS? then we choose Q € {(z,y,2) : 2 <0} NS?
so that p(Q) = maxg2 p. In such a case, by convexity, we have

{(w,y,z) : pn;sz <z< pn;axzp’ V z? —I—y2 < (mea.x +Z)“2L—6} C M,

and thus
min p> maxg2 p € .
{z=0}nS? 2 2 —

We have zy0+1,0) = Fsin? Bsin(2a). Moreover, 0 < sin? Bsin(2a) < 1
unless o = T and || = 7§, and hence

. C(G)
min p > ——= maxp.
{z=+sin? Bsin(2a)}NS2 2 S2
Thus, by convexity, we have
c(G)
2

If o = 7 and |B] = § we choose 0 < 6 < § and thus 2. (cos 6,4+ sin6,0) = F sin 0.

{(z,y,2) : [2| < sin? 3'sin(20) prax.

Hence ming,_4 gnoyns2 p 2 %G) Pmax, and by convexity

{(z,y,2) : |2] < C(QG) sin Opmax, V2% + y* > C(zG) C0S 0pmax} C M.
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5. HIGHER REGULARITY AND EXISTENCE THROUGH DEGREE THEORIES

In this section, we present the degree theory argument for the existence
of a solution to (1.4), as in [16]. Let us define

h(Z, u, Vau, V2u) := (detey;) a2 (u? + |Vul?) ™2 ~tdet(Viju + ueif), (5.1)

where e;; =< e;,e; >, e1,- -+ , e, denote a local frame of S, and V represents
covariant differentiation on S™ with respect to the standard metric. We are
going to solve

h(Z, u, Vu, V2u) = F(

), TeS" (5.2)
We then define p = % to obtain our desired hypersurface M = {p(Z)Z : ¥ €
S™}. For t € [0,1] we define
F(X):=tF(X)+(1—t) X eR"\ {0}, (5.3)
and consider the operators
F(1) : CG*(8") — Cg™(8")
defined by

F(u,t) := h(Z,u, Vu, Vu) — Ft(u Z), (5.4)
where we have 0 < o < 1 and
CEo(S") = {u € CH(S") : u(g®) = u(#) Vg e G},
CHY(S™) = {u € C%(S") : u(gd) = u(@) Vg€ G}.

5.1. Uniqueness of solutions to F(u,0) = 0 and invertibility of
Fu(1,0). Clearly u = 1 satisfies F(u,0) = 0. A theorem of A.D. Alexandrov
asserts that compact hypersurfaces with Gauss-Kronecker curvature identi-
cally equal to 1 are unit spheres. A computation shows F,(1,0)¢ = Ap+nep.
The kernel of A + n is the span of spherical harmonics of degree one. Since
G has no fixed points on S, the only G-invariant element in the kernel of
A + n is the zero element. Thus F,(1,0) is invertible.

5.2. Higher Order Estimates. Lemma 1.2 and convexity imply that there
is a C so that |lul|c1gny < C. Lemma 7.2.1 of Oliker [18] implies that for
some C' we have [|u|c2gny < C. Lemma 17.14 of [7], or equivalently results of
Evans [6] and Krylov [13], implies that [|u|g2.agn) < C, for some 0 < o < 1
and positive C. Lemma 17.16 of [7] then implies ||u|ca,0gny < C, for some
Cand 0 <a<1.
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5.3. Existence Results via Degree Theory. Degree theory for second-
order fully nonlinear elliptic operators on Riemannian manifolds was given
in [15]. The degree is homotopy invariant among second-order fully nonlinear
elliptic operators. It follows from [15], with slight modifications, that we can
define a degree theory for group invariant second-order fully nonlinear elliptic
operators on Riemannian manifolds. This degree is also homotopy invariant
among group invariant second-order fully nonlinear elliptic operators. Let
C be the constant so that & < u < C and [ullgt.egny < C, and set

1
O:={uecCg*(S"): o <u<Cllullotegn <C}-

Thus, we have

deg(F(-,1),0,0) = deg(F(+,0),0,0).

Using that u = 1 is the unique positive solution of F(u,0) = 0 in Cé’a(S”),
and F,(1,0) is an invertible operator from Cé:a(S”) — Cé:a(S”), we may
adapt the methods in [15] to the group invariant situation to obtain

deg(f(-,(]), O’O) = (_1)1"

where 7 is the number of negative eigenvalues of A + n in C’é:a (S™). Hence

deg(F(-,1),0,0) # 0.

Hence F(u, 1) = 0 has at least one solution in O.
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