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Regression Analysis:

Suppose that one is studying an experiment
where there are are two random variables X
and Y under study, and one wishes to deter-
mine if there is a relationship between the or-
dered pairs (X (outcome),Y (outcome)).



Supposing that we are allowed to freely choose
x, we wish to determine if we can express y

Y (outcome) = y = ax + B + e(outcome)

where X (outcome) = x, o, 3 are constants and
e is a random variable* with mean value O
and standard deviation o. Moreover, the er-
ror terms e are independent, and each value of
x determines a population of y-values. Thus
the expected value is given by

E(Y)=azx+p

for any fixed x value.

*Which we usually assume is Normally Distributed — this
we shall discuss later.



Least Squares Regression:

To determine the « an the g for the two ran-
dom variables X and Y, we often select a sam-
ple of data values for n observations from our
population

()17()27()37"'7()n

and let X(0O;) = z; and Y(O;) = y;. This gives
rise to n ordered pairs

(xl,yl),($2,y2),'",(xn,yn)-



For simplicity, we suppose that we have a set
of points

(xl,yl),($2,y2),"',($n,yn)

with all the zls distinct values. We wish to
find the so-called line of best-fit, or the trend
line, and let

y=mx—+5b

be this line. The plotted points (z1,v1), (22, y>),
.-+, (xn,yn) in the zy-plane are called the scat-
ter plot of the data set.

This line will be the line that is as close to all
the points

(xl,yl),($2,y2),"',($n,yn)

on a whole, as possible.



Without loss of generality, we assume

1 <To <+ < Tp.

Let

n
SSE =Y (mz; + b —y;)°.
i=1
Then SSE, which is always dgreater than or
equal to zero, measures the error in using y; =
mx;+b in stead of y;. If SSE = 0 then we know
y; = mx; +b = y; for all +. In all practicality,
for more than two points, SSE > 0 will almost
certainly be the case, so we seek the line which

makes SSE as small as possible.



It turns out that to determine the m,b so that
the quantity SSE given by

n
SSE = 3" (4 — v:)?,
i=1
IS as small as possible we need multi-variable
calculus. It turns out that m is given by
. nTy — Z?=1 LiYs
— 5

1

nx? — DX
and b is given by

b=y — mx.
Note that the values m,b should approximate
the parameters o, discussed earlier. More-

over, the unbiased estimator of o, the standard
deviation of the error term € is given by

. J S0 (i — 3i)?

Se =
n—2

| SSE
Se — .
n—2

or simply




Before we do any explicit examples, it turns
out that we will rewrite the formulae given for
m,b. We seek formulae that may seem a bit
easier to remember.

Let
n
Sey = Y (@, —Z)(y; — 1),
1=1
n
1=1
and

n
Syy — Z (y; — 5)2-
1=1

One can actually show that



Example: For the points

(1,3),(2,5),(3,5),(6,7)
find the line of best fit.



Solution:

Step 1: Draw the so-called scatter plot, which
IS the data points given plotted in the Cartesian
plane (x,y-plane).

Step 2: We find z, the average of the xz-
coordinates of the 4 points, and y, the average
of the y-coordinates of the 4 points.

_ 1424346
Tr = = 3,
4
and
_ 34+454+5+4+7
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Step 3: We fill out the following table:

(z—Z)(y—17y) | (x —T)°

(1-3)(3=5)| (1 -23)?
(2-3)(5-5)| (2—-23)2
(3—3)(5—-5) | (3—23)2
(6 —3)(7—=5) | (6 —23)2

O WN +S
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Performing the calculations in this table yields:

(z—z)(y—9) | (z—17)°

4
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Step 4: Next you sum the right two columns
— that is the one under the (z — z)(y — y) and
(r —Z)? — to get Szy and Szz respectively, that
IS:

Sey =4+0+0+6=10
and
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Step 5: Thus we compute m = g—zz and then
b=y — mx. Then use these in y = mx + b and
graph this line on the drawing with the data
points (the scatter plot):

Thus
10 5
147
and
b=5-2.3=2"
7 7

Therefore, the line of best-fit is given by
5 20
= —Z —.
Jj = + -

Finally we graph this line.
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Home Work: Find the line of best fit for the
points

(1,1),(2,0),(3,3),(5,8).

Answer: y = 3z — 3¢.
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Example: Suppose we wanted to see if there
was a connection between hours of study for
an exam and how well a student has done on an
exam. Suppose that in a class of ten students,
we found out the following:

Student | Hours of Study | Exam Score
1 3 57
2 6 87
3 4 50
4 5 77
5 0 45
6 1 48
7 7 95
3 3.5 63
9 3 100
10 2.5 70

14



To begin with, we need to pick our variable.
Let x be the hours studied and y the exam
score. Then we have the following data set:

(0,45),(1,48),(2.5,70),(3,57),(3.5,63),

(4,50),(5,77),(6,87),(7,95),(8,100)

In this case

O+14+254+3+35+4+54+6+7+38
10

= 4,

T =

§=1—10~{45—|—48-|—7O—|—57+63

+50 + 77 + 87 4+ 95 + 100}

= 69.2.
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z |y (z—z)(y—7) (z — z)*
3 | 57 | (3—4)(57—-69.2) (3 —4)°
6 | 87 | (6—4)(87—-69.2) | (6—4)2
4 | 50 | (4—4)(50-69.2) | (4-—4)2
5 77 | (5-4)(77-69.2) | (5-—4)2
0 | 45 | (0—4)(45—-69.2) | (0—4)2
1 | 48 | (1 —-4)(48—-69.2) | (1—4)2
7 | 95 | (7-4)(95—-69.2) | (7 —4)2
3.5| 63 | (3.5—4)(63—-69.2) | (3.5 —4)2
8 | 100 | (8 —4)(100—69.2) | (8 —4)2
25| 70 | (2.5 —4)(70—-69.2) | (2.5 — 4)2
T y | (z-2)y—9) | (z—1)°
3 | 57 12.2 1
6 | 87 35.6 4
4 | 50 0 0
5 | 77 7.8 1
0 | 45 96.8 16
1 | 48 63.6 9
7 | 95 77.4 9
3.5 | 63 3.1 0.25
8 | 100 123.2 16
25| 70 ~1.2 2.25
Szy = 418.5 | Syz = 58.5
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Therefore,

418.5
m = ~ 7.154,
58.5

and

b=y —mzx~69.2—-7.154 -4 = 40.584.

Thus,
y = 7.154x 4+ 40.584.
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Thus, if you wanted to estimate what score a
student may get if he or she studied 5.5 hours,
you would say that he or she might get a

y =7.154.5.5 4+ 40.584

= 79.731 = 30

on the exam.
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Correlation:

Given a data set {(z;,y;)}i—;, we may observe
that if Sz, Sy are the standard deviations of the
z.s and yis respectively, then we may show

We define the Pearson Coefficient of Cor-
relation r by

T — S:cy .
\/Swwsyy
One may show that
Sz
r=m—.
Sy

Note that if y; = mx; + b, then y = mx 4+ b and
2
S2 =m?287. Thus mQ% = 1. Note as well that
Yy
the sign of m determines the sign of r.
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Consider again the example with test scores
and study time. We had seen that

Recall the table as well:

z |y |[(@-2)(y—-7)| (z—1)°

3 57 12.2 1

6 87 35.6 4

4 50 0 0

5 7r7 7.8 1

0 45 96.8 16

1 48 63.6 9

V4 o5 77.4 9
3.5 63 3.1 0.25

8 100 123.2 16
2.5 70 —1.2 2.25

Szy = 418.5 | Sgx = 58.5
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We simply add one more column to this to get
Syy, Namely:

T y |[@-2)y-9) | (z—17x)° (y —9)°
3 | 57 12.2 1 (57 — 69.2)?
6 | 87 35.6 4 (87 — 69.2)2
4 | 50 0 0 (50 — 69.2)2
5 | 77 7.8 1 (77 — 69.2)2
0 | 45 96.8 16 (45 — 69.2)2
1 | 48 63.6 9 (48 — 69.2)?
7 | 95 77.4 9 (95 — 69.2)2
3.5 | 63 3.1 0.25 (63 — 69.2)?
8 | 100 123.2 16 (100 — 69.2)?
25| 70 —1.2 2.25 (70 — 69.2)2
Syy = 418.5 | S, = 58.5
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Simplifying, then summing the rightmost col-
umn we get Syy:

z |y |[@-2)(y—-9) | (z-2)° (y —9)°
3 | 57 12.2 1 148.84
6 | 87 35.6 4 316.84
4 | 50 0 0 368.64
5 | 77 7.8 1 60.84
0 | 45 96.8 16 585.64
1 | 48 63.6 9 449.44
7 | 95 77.4 9 665.64
3.5| 63 3.1 0.25 38.44
8 | 100 123.2 16 048.64
25| 70 ~1.2 2.25 0.64
Sy = 418.5 | S;z = 58.5 | S,, = 3583.6
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Thus, we see that
Sajy

\/ Sz Syy

B 418.5
~ 4/58.5-3583.6

4185
~ /209,640.6

r =

4185
™ 457.8653

~ 0.91209.

Hence, there appears to be a strong correlation
between study time and exam score.
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Unfortunately, not all data sets are strongly
linearly correlated, even though they may be
strongly correlated. Take for instance

(1,20),(2,9),(3,4),(4,5),(5,12),(6,25).
Here r = 0.22, however,

y; = 3z7 — 20x; + 37.

Homework: For the previous homework exer-
cise, compute the Pearson Coefficient of Cor-
relation. Answer: r = 0.9323.
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It turns out that the correlation coefficient is
a measure of how close the data points in the
scatter plot (the data points plotted in the
plane) are to the line of best fit.

We observed above that if the data points all
lie of the line of best fit, then the correlation
coefficient r is 1 if the slope of the line of best
fit is positive, and the correlation coefficient
r is —1 if the slope of the line of best fit is
negative.
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Correlation Versus Causality:

Here we note that the Pearson Correlation co-
efficient r is simply a measure of how far away
the data points in the scatter plot are to the
line of best fit. Do not read more into it than
this. With the example above with points on
the parabola y = 322 — 20z 4+ 37 we saw that
the two variables may be strongly correlated,
but not necessarily in a linear way. Moreover,
it could also be that r is close to one or mi-
nus one, but it doesn’'t mean that there is a
cause and effect relationship between the two
variables. There could be a third lurking vari-
able that is determining the values of the two
original variables x and y.
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Example: Lurking Variables

A study by Johns Hopkins University, reported
in November of 1985, suggested that coffee
drinkers that consume five or more cups of cof-
fee per day had three times the heart disease
risk of non-coffee drinkers.

However, a later study, published by Dr. Peter
W.F. Wilson, suggested that the original study
done by Johns Hopkins University failed to take
into account that many of the coffee drinkers
were also smokers. It was the smoking that
actually increased the chances of heart disease,
not the coffee consumption. In fact, the study
carried out by Wilson concluded that there is
No increase in heart disease liked to drinking
coffee.
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