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Sequences:

A sequence of real numbers is a function
f:N—=R,

that is, a function from the natural numbers
into the real numbers.

Typically, we use a subscript notation for a
sequence, thus we write

a1 = f(1),a2 = f(2),---,an = f(n), -

Commonly, the sequence

ai,an,az, - -

IS denoted by

{a;}7=1.



Limits of Sequences:

Given a sequence

{a;}5=1
we may ask the question if the terms in the

sequence have a limit as n — oo? That is,
does

lim a
k—o0 k

exists7?*

A sequence {aj};?;l is said to have a limit L,
if given any € > 0, there exists a N € N so that
for Kk > N we have

L—-—e<ap<L-+ce.

*To address this question, we must define precisely what
it means for a sequence to have a limit.



A sequence which has a Iimit is said to con-
verge. If a sequence does not have a limit, it
IS said to diverge.



Some examples:

1. Consider the sequence
111 1 1

Here we have

lim ap — 0.
k— o0

2. Consider the sequence
-1,1,-1,1,—-1,1,—-1,---
This sequence may be written as
an = (—=1)".

This sequence has no limit.



3. Consider the sequence
{7,1,8,2,8,1,8,2,8,4,---}

which is the sequence of digits after the
decimal point for the number e. Since e is
irrational, this sequence cannot converge.

4. Consider the sequence

1
an = (1 4+ —)".
n
It can be shown that

lim = e.
n—oo

To see this we will show Iimm_mo(l—l—%)fﬂ —
e where x € R. To see this if L is the limit,
then

_ 1 ~In(143)
InL_a:ILrQoxln(l_l_;)_x“—@o T :
T

We then use L'HOpital’s rule to get InL =
1, and thus L = e.



5. The Fibonacci sequence is the sequence
fj given by

Ji=11l, /=1

and in general, for n > 3

Thus
1,1,2,3,5,8,13,21,34, ...

IS the Fibonacci sequence. This sequence
actually diverges since f, > n — 1.



Limit Laws for Sequences:

From the above definition of what it means
for a sequence to converge, we may see the
following limit properties:

Let {an} 2 ¢, {bn}o; be convergent sequences
and c € R., then

1.

nli_)moo(an + bp) = nli_)moo an + nli_)moo bn.
2.

nli_}moo(an —bp) = nli_}moo an — nli_)moo bn,.
3.

lim canp, =c¢ lim ap
n—oo n—oo



n— 00 n—oo  M—+00
. an ||mn—>oo an
lim — = —
n—00 by, liMp— 00 bn

provided limy—oo by, 7 O.

‘ p — ‘ p
n||—>moo(an) o (n||—>moo an)

provided p,an > 0.



To see why the above limit properties hold, we
need the so-called triangle inequality, which
says

la +b] < |a| 4 [b],
for any real numbers a,b. A corollary of the
triangle inequality is

[la] = 16]| < |a £ b].



Suppose that a, —+ A and b, - B as n — oo.
Then, given € > 0 we can find an N € N so
that for any n > N we have

lan, — Al <e, and |bp— B|<e.



Thus,
|(an £bm) — (A+£ B)| = [(an — A) £ (bn — B)|
< |an — A| + |bp, — B| < 2e.

lcan — cA| = |c| - |an — A| < || - €.



Note also that sequences which converge must
be bounded. This follows since A — e < an <
A4¢eifn>N. Thus

|a'n| < max{|a1|, |CL2|, Tty |a’N1|7 |A| + 8}'

Using this, observe that for n > N we have

lanbn, — AB| = |anby — anB + an B — AB|
< |lanbn — anB| + |anB — AB]|
= |lan|[bn — B| + | Bl|an — A|
< (|Al +¢€)|bn — B| + |B|lan — A|

< (|A] 4+ €)e + |Ble.



A

For the Iimit property Z_Z — 4 we first observe

B
an 1
bn " by
and by our above result, it suffices to show
1 1

— = —.
b, B



Since we are assuming b, — B # 0, and

B—-—e<by,<B+¢

for all n > N, we may assume that b, #= 0 for

n> N. Thus, for n > N, % is defined. Now,

|1 1|_|bn—B|

b, B |bn|| B

b — B|
(1B — )| B]
)
NEEDE]D

*Because ||b,| — |B|| < |bn, — B| < e.
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If f(x) is a function of x satisfying

Jim f(z) =L,
then the sequence
an := f(n)

has a limit as n — oo, and it equals L.

11



Some Examples:

Observe that

Jno 1
14+vn 14n05

Now

n—00 1 4+n=05  |imp_oo(l + n=0-5)

= —=1.
1

2. liMp—y00 COS(2):

Since cosz is continuous for all £ we have
. 2 , 2
lim cos(—) = cos( lim —)
n—oo n n—oo n

12



= cos(0) = 1.

(Inn)?2

liMp— o0

Here we will use L'HOpital's rule, sincelnn —
oo as n — oo. hus

. Inn)2 . In )2
im Unn) . (Inz)”
n—oo n r—r00 €T

_ 2Ing-1
= |im X
Tr—r 00 1

, In
=2 Ilim —

, 1
=2 lim — =0.

r—00 T



The Squeeze Theorem for Sequences:

Let {an}toq1, {bn}, 21 and {cn}>2; be sequences
of real numbers that satisfy

an <bp<c, né€eN
If
n||_>moo anp = L = n||_>moo Cn,

then

nl|_>moo bn = L.

13



A corollary of the squeeze theorem is the fol-
lowing:

14



Proof:

Here we use

—|an| <ap < |an|-

Moreover, |an| — O implies —|an| — O by the
third limit property. The squeeze theorem im-
plies the rest.

The other direction of the implication sim-
ply follows from the fact that lim,—cc an = O.
Hence given € > 0, there exist an N € N so that
Vn > N we have |an| < e. Thus ||lan| — 0| < e for
such n's.

Q.E.D.
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Example: Show that

_ n!
Iim — = 0.
n—oo nn

Solution: Here we use that
_1.2.3---n

an .
@'n'lz...@
n times
Now
2 3
23"y
n n n
and thus
1 2 3 n 1
Ogan:_(_._. _)S_
n N n n n
Now
1
im — =20

and thus, by the squeeze theorem,

lim an, = O.
n—oo

16



Bounded Monotone Sequences:

Some terminology for sequences:
A sequence

{an}%ozl

1. Strictly Increasing if

a1 <apx)<az<ag <---

2. Increasing if

3. Strictly Decreasing if

a] >a» > a3 > a4 > -

17



. Decreasing if

a] 2 ap > a3 > a4 > -+

. Monotone if the sequence is (strictly or
not) increasing or decreasing.

. Bounded Above by M if

. Bounded Below by m if

m<a, Vné€EN.

. Bounded if the sequence is both bounded
from below and above by some m, M.



Bounded Monotone Sequences have Lim-
its: Every bounded monotone sequence of real
numbers has a limit.

This theorem follows from the so-called Com-
pleteness axiom of the set of real numbers.
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The Completeness Axiom for the set of real
numbers R says that every set of real numbers
that is bounded from above has a least upper
bound S, where a least upper bound for a set is
an upper bound which satisfies that any other

upper bound must be greater than or equal to
it.

Likewise every set of real numbers that is bounded
from below has a greatest lower bound I,
where a greatest lower bound for a set is an
lower bound which satisfies that any other lower
bound must be less than or equal to it.
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To prove the theorem, which states that bounded
monotone sequences have limits, we shall make

a simple use of the completeness axiom. Sup-
pose that {an} 2 ; is a bounded monotone se-
quence. Without loss of generality, * let us
suppose that ay is increasing and bounded from
above.

*Otherwise consider —a,,.

20



Then by applying the completeness axiom to
the range of the sequence, * since we are as-
suming all sequence terms are bounded from
above, there exists a least upper bound for this
set L € R.

*that is, the set containing the sequence values

21



Let € be any fixed positive real number. Since
L is a least upper bound, the number L — e is
not an upper bound. Thus, there is an N € N
so that

an > L —e€.
However, for any n > N we have
an 2> apN-
Thus for all n > N we have
L—e<an <L
which proves that

lim a, = L.
n—oo
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Example:

A sequence {an}>2 1 is given recursively by

a1 =1, apy1=v2+an n>1.

Show that a, is bounded by 2 and increasing,
and conclude from this that it must have a
limit. Then find limMy—oo an.
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CL]_:]_, a2=\/2—|—1=\/§7 a3=\/2—|—\/§,...

First, we'll show a, < 2 for all n. We will do
this by mathematical induction. Clearly a1 =
1 < 2. Now, if a, < 2 we have

an+1=v2+an§‘v2+ =4 =2,

Thus, we get

an <2 for all n.

24



Next, we'll show that {an} 2 ; is an increasing
sequence. Suppose not, then there is some
n € N so that

Apt1 = V2 + an < an.
Thus
24an < aTQL
and hence
a,,% —anp —2 > 0.
However, the parabolic function
f@) =22 —z—2

is positive if and only if x > 2 or x < —1. This
implies an, > 2, which cannot happen. Thus an
IS increasing.

25



We may conclude that limp—coan = a €exists.
Moreover, by taking the limit of both sides of

ap4+1 = V2 -+ ap We see that
a=+v2-+a

and thus we see a = 2.
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Series:

Given a sequence

{an}%ozl
we wish to define the quantity that is the sum
of the terms in the sequence,

a1 +a»+az+---

or
00
D> an,
n=1

provided that we can. This sum is called a
series or an infinite series.

27



To see that this may not always be possible,
we consider two examples:

1. Consider
an =1, mn €N,
Then
a1 +azx+a3zt+a4q- -
IS
1+14+1+1+4---,

which would have to be infinite, and hence
not a real number.

28



2. Consider
an = (=1)", neN
Then
a1 +ap+az+aq+---
IS
—14+1-14+1-1+4---,

which doesn’'t exist as a real number.



To try to make the quantity be well-defined,
we shall provide a precise condition for what it
means for

a1 t+ax+az+ag+---

to exist as a real number. We will do this by
first considering the so-called nt" partial sum
of the series

Sn:=a1—|—a2—|—a3—|—---—|—an.
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We say that the infinite series converges if the
sequence

{Sn}n=1
converges. Otherwise, we say that the series
diverges.

If an infinite series converges, we define

oo

an = lim Sg.

n—1 k— 00

30



Recall the sequence a,, = 1. The partial sums
for this sequence are

n times

Thus S,, — o0 as n — oo, and hence the series

1+1+1+14---

diverges.
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The sequence an = (—1)™ has partial sums

g — O if nis even,
"7 -1 if nis odd.

Thus we see that {Sp};2; does not have a
limit, and thus

14+1-141—-1+4---

diverges.
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A geometric series is a series of the form

o0
Z c:cn=c—|—c:c—|—c:1:2—|—c.133+c:1:4—|—---,
n=0

where ¢, x are any fixed real numbers. We will
now show that such a series converges if |z| < 1
and diverges if |x| > 1.
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Here we have

Spn=c+cx+cx?+ -+ ca™

Consider

Sn — xan,

= (ctczxtca’+- - ca™)—(cotca’+- - Fex" )
+1

—c—cx" .

Thus,
c — cx™ Tl

S, =
" 1l —=x
c

If |z| < 1 this quantity converges to =, and
in all other cases it diverges.
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Thus, the series
1 1 1 1
14+ -4+ -4+ -4+ — 4 ...
to+ots Tt
IS the series
1
> O
k=0

Here ¢ = 1,z = 3 and hence the series con-
verges to

N|—
|
N

35



The series
o0 32n

n=1

36
+++

9 92 ok
9_|_9.__|_9._2_|_..._|_9._

This is a geometric series withc =9 and x =
and thus it diverges.

»lo

36



We may use geometric series to find the repre-
sentation of a repeating decimal as a rational
number¥®.

Consider, for example, the number whose dec-
imal expansion is given by

0.45454545 . . .
or simply 0.45.

*That is, as a fraction whose numerator and denomina-
tors are integers.

37



Writing out what this means , we see

. 45 45 45

0.45 = -
100 * 10000 + 1000000 +

45 45 45
~ 100 + 1002 + 1003
Here, ¢ = 755 and =z = 155 and thus the se-
ries which gives the decimal expansion for this
number converges to

45
0.45 — 100 45

1 — .
1 - 350 99

38



The Divergence Test:

If >°°2 1 an is convergent, then limg_,, ap = 0.

To prove this, first we will observe that:

Claim: If a sequence {bp} 2, converges to
a limit L, then for n,m large, the difference
bn — bm 1S very small. Moreover, this difference
actually goes to zero as n,m — oc.

39



To prove this claim, we need to show that
given any small positive number ¢, we can find
an N € N, so that if n,m > N we have

|bn — bm| < €.

40



Since b, — L as n — oo we know that there
exists an N € N so that £ > N implies

g
b, — L| < —.
by, — L| 5

Hence if we pick any n,m > N we have
|bn, — bm|
= |bp, — L + L — by,
< |bp — L| 4+ |L — bm|
£ 9
< > + 5= ¢
Q.E.D.
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Let Sp = 7 _1a be the sequence of partial
sums for the convergent series > 72 ; ai. Since
the series converges, we know that there exists
an S € R so that

o0
k=1

Let € > 0O be any fixed small number, and let
N € N be such that
g

2
for any n > N. Then we know that for n >

N + 1 we have
lan| = |Sn — Sp—1]
§|Sn_S|+|Sn—1_S|
) )
< — — = €.
2+2
Thus we see that a,, — 0 as n — oc.

Q.E.D.
42



What may actually be a more useful version of
the theorem:

If >°°2 4 an is convergent, then limg_,,a; = 0.

is the contrapositive of this conditional state-
ment, which we actually shall call the diver-
gence test:

If limg_,~ ar does not exist or the limit is not
zero, then Y °? ; an diverges.
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To see that the converse of the divergence the-
orem is not true, that is if a, — 0 we may have
>, diverges, we consider the following ex-
ample.

Example:

The so-called harmonic series
> = diverges.

n=1 n

44



We begin by considering the sequence of par-
tial sums for this series {S}72 ¢, for k a power
of 2.

1
So =1+ —,
2 +2
1 1 1 1 1 1 2
Sp2 = 54 = 1+§+§+Z > 1+§+Z+Z = 1+§7
1 1 1 1
Soz3 =5 =35 — 4+ -4+ =4 =
23 =58 =Sat T ToTg
1 1 1 1
g, 4+ - 4L -4 4=
> 4+8+8+8+8

3

2 1
>S14+-4+-=142,
toTs *5

1 1
S :S :S —_ « o e _
>4 16 8+9+ -I-16

1

1
> 8+J6+ +1@

38 %rz'mes

3 . 1 4
>1+—4+-—=1+ —.
+2+2 +2
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In general,

52n>1+g—>00 as mn — oo.



Examples: Use the divergence test to show
the series diverges

1.
X n+1
nz::12n—3
Here
~_n—+1 _1+%
an_Qn—3_2—%

which converges to 3 as n — oo. Thus, by
the divergence test, the series diverges.
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X 143"
>

n=1
1—|—3”

Here a, = Moreover, by L'HOpital's

rule we have

14 3%
lim ap, = IimM
n—oo r—r0o0 2517

In3 - 3%
Im
r—oo |n?2 .27

In3
—— lim (= )”j
 ln2z—otD

which is infinite. Thus the divergence test
tells us that the series diverges.




Telescoping Series:

Consider the following series

o 1

2 kG + 1)
Here
1
ap, — 3
ET k(e + 1)
which can be written as
1 1
ap = — — ———
k k+1

by using a partial fractions decomposition.

a7



To test for convergence, we examine the se-
quence of partial sums {Sp}>2 1.

1
Sy =1-—=-,
1 2

1
—=1-=
3 3

1 1 1
S3 =5 — =1 —.
3 2-|-3 2 2

Continuing in this manner, we see that

1
Sp,=1 1 as n — oo.

n +1
Thus the series converges, and its sum is 1.
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Another example of a telescoping series is the
series

i n
nzzjllnn_i_ T
Here we have
n
a”:mn+1 =Inn—In(n+1)
and thus
Sn=(0Un1-In2)4+(In2—=In3)+4+---4+(Inn—In(n+1))
=Inl—-In(n+1)

=—In(ln+1) - -0 as n — oo.

Thus the series diverges.

Note as well that

lim ap, = lim In n
n—00 n—00 n-+1
, 1
= In( lim )=In1l=0.
n—oo

S|

1+

49



Some Important Linearity Properties for
Series:

Suppose that
o0 @)
Z an, Z bm,
n=1 m=1
are convergent series, then the following series

322 1(ag £bg), 322 4 cay, * converge and satisfy
the identities:

o0 o0 @)

Y (apxby)= > ap+ > by,
©.@) ©.@)
Z cay = c- Z an.
k=1 k=1

The proof of these properties follows directly
from the limit laws for sequences applied to
the sequence of partial sums of each series.

*force R

50



The Comparison Test:

Suppose that > 72 ; ag, > 721 by are series with
positive terms.

o If Zzozl b, converges and an < bp Vn, then
> fp—1 ay also converges.

o If 372 by diverges and an > bn Vn, then
> p—1 ag also diverges.
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Proof: Consider the sequences of partial sums

n n
An=Yap, Bn= Y bn.

Since the terms an,b, are positive, we have
{An}>2 1, {Bn};2; are strictly increasing. More-
over, if b, > an, We have B, > A,. Thus if
B, converges to B, then B is the least upper
bound for the sequence {Bp}>2 ;. Thus Ay <
B, and {Ap}>2; is monotone and bounded,
and thus converges.
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If ap, > by, and By is divergent, it must be that
An > Bp and B, — o0 as n — oo. Thus

An =00 as n — oo.

Thus A,, diverges.
Q.E.D.
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Example: Determine whether or not the series
e 1

2 on 41

n=1

converges.
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To make this determination we examine the
leading terms in the numerator and the de-
nominator. The numerator is 1, so 1 is the
leading term. The leading term of the denom-
inator is 2™. Thus we shall try to compare our
series to a series of the form Y2, c4;, which
IS @ convergent geometric series. We need to
choose our constant ¢ > 0 so that
1 1
< c—.
2n 41— 2n
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Here we may choose ¢ = 1 since 2" 4+ 1 > 2"
and thus inﬁ < 4. Thus by the comparison

test, the series

> 1
,;::1 2n 4+ 1

converges.
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Example: Determine whether or not the series

> 1

Z n—+1

n=1

converges.
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To make this determination we examine the
leading terms in the numerator and the de-
nominator. The numerator is 1, so 1 is the
leading term. The leading term of the denom-
inator is n. Thus we shall try to compare our
series to a series of the form > 72 , c%, which is
a divergent series.
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We need to choose our constant ¢ > 0 so that

1 1
> c—.
n+1" n

That is, we need

o >c Vn.
n-+1

This is an increasing sequence * Thus we can

_ 1 _1
choose C= 1371 = 5%

1 1
>
n+1" 2n
and thus by the divergence test we get that
i 1
n=1" +1
diverges.
xd x __ 1

dez+1 = (z+1)2°

59



Before we proceed any further with the use of
the comparison test, it will help if we know
something called the integral test for conver-
gence of series. This test will provide us with
a larger library of convergent and divergent se-
ries to use when we wish to use the comparison

test.
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The Integral Test:

Suppose that f(z) is a continuous, positive de-
creasing function defined on the interval [1, c0),
and an = f(n). Then the series

o0
> ak
k=1
converges if and only if the improper integral

| f@da

converges.

61



To prove the Integral Test, we observe that for
n €N

n—+1
a1 < /n f(@)dz < an

and thus
N+1

N N
Z an < / f(z)dx < Z an.
n=2 1 n=1

Taking limits as N — oo we get the desired
results.

62



p-Series

We now consider series of the form

n=1 n¥

for p > 0. Note that limpseo 5 = 0, and if
p = 1 the series diverges. What about for
other p-values?
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The function f(z) = z~P satisfies f/(z) = —pz—P~1
which is a positive and decreasing function for
x > 0. Thus, we may use the integral test to

test the convergence of ¥, L.
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Note that for p =1 we have

N 1 _

which approaches 1% if p > 1 as N — oo

and otherwise approaches infinity as N — oo.
Thus, the so-called p-series

nP
n=1 n

converges if and only if p > 1.
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Thus we see that the series

> 1 > 1

n=1

diverge and the series

< 1 < 1 < 1
nzzjl m7 nzz:l ﬁ7 nzzzl ﬁ

converge.
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Example: Determine whether the series

ZnQ—I—l’ Zn—l
n=1 n=1

converge or diverge.
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To solve this problem, we will use the compar-
ison test with two different p-series, namely

< 1 < 1
. —
n=1 V7" n=1"
Now,
1 < 1
n2+1 - n?
and

Thus we see that the series } >7 4 n—\/_ﬁl diverges,

and the series } °7 4 n%_l_l converges.
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The Limit Comparison Test:

There is another comparison test, that is ac-
tually a bit more user-friendly, called the limit
comparison test.
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Suppose that
o oo
Z an, Z bn,
n=1 n=1
are two series with positive terms. If
lim 2% — ¢ € (0, ),

n—oo bn

then either both series converge or both di-
verge.
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Proof: Let ¢ > 0 be given (but sufficiently
small so that ¢ < 5). Then there is an N € N
so that Vn > N we have

a
O<c—€§b—n§c—|—€<oo.

n

Thus
(c—¢€)bp < an < (c+€)bn.

By applying the comparison test we get the
desired result.
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Example: Determine whether or not the series
i Sin 1
"2
n=1 n

converges or diverges.

Here we use the limit comparison test with

an = sin# and b, = # Here we have

o1
sin =

. . Sin x
lim T = |im = 1.
Since
> 2
2
n=ﬂ7z
converges,
io: Sin 1
2
n=1 n

converges.
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Example: Determine whether or not the series

Z
n=1 ’I’L—|—1

converges or diverges.

Here we use the limit comparison test with

1 1
Ay = and b, = —=. Here we have
n /n3—|—1 n n1.5
1
3
lim Y+l 4
n—00 1
nlb
Since
S
1.5
n=1 n
converges,

converges.
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Alternating Series:

An alternating series is an infinite series whose
terms alternate between positive and negative.
For example, the series

0@

S (-)rlt=1-141-141-14--.

n=1

and the series

i) S S S I
g% n ' T2t3 .

are alternating series.
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In general, an alternating series is a series of
the form

> (1) = —by +bp—bz+ -

n=1

or of the form

> (1) o =b1 —bo+bg—bat -

n=1

where
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The Alternating Series Test:

The alternating series

0@

(—=1)"by, = —by + by —bg + - --

n=1
or

o

> (=1)"bn =b1 —by+bg—bat -

n=1
with
bn > 0,

which satisfies
b1 < bn Vn, nli_)moo bn =0,

converges.
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Proof: Without loss of generality*, we con-
sider only

> (=1)" " bn =br —by+bg—bat -

n=1
Here we have that the sequence of partial sums
satisfies

So=b1 —b>>0
Sa=52+b3—b4 25>
S6 = S4 +bs —bg > 5S4

and thus we can easily see that

0<562<54<56< -

*Since the other case is simply the negative of this case.
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However, we also have
So =0b1 —bp < by
S4 =01 —(bp —b3) —bg < by

Se = b1 — (b —b3) — (bg — bs) — bg < by
and thus we can easily see that

SQ: 547 567 e < bl'

Thus the sequence {S>,}>2 1 is monotone in-
creasing and bounded from above, and hence
IS convergent. Let

lim So, =S5 < by

n—oo

We observe as well that S3 = Sy + b3, S5 =
S4 + bs, etc., and thus

Son4+1 = Sn + byt
taking limits of both sides, we see that the
right hand side converges to S, and thus the
left hand side does as well. Thus limp 00 Sop41 =

S.
Q.E.D.
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The alternating series test can be used to show
that the alternating harmonic series

X (=1)" 1 1 1
Z( ) =—1-—4+ - 4...
— n 2 3 4
n=1
IS convergent, since b, = 1 and thus the series

nl

converges to S < 1.
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Alternating Series Limit Estimation and Rate
of Convergence:

If 2% ,(—1)""1b, is an alternating series with
bn, Non-negative, decreasing and with limit zero,
we have that the the limit S = X2 ; (-=1)" b,
satisfies:

|S — Sn| < bn—l—l'
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We know that the limit value S lies between
any two consecutive partial sums, and thus

|S — Snl < |Sn—|—1 — Snl — bn—I—l'
Q.E.D.
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Example: Find the sum of the series

0@

> (-pmt

n=1
accurate to a margin of error of at most 0O.1.

Recall that
1 1 1 1
S, =1— — — -1 n—1-"
n 2+3 4+ + (—1) -

and the limit value S, that is the sum of the
series, satisfies

1

n4+1
We need this to be less than 0.1. We can do
this if n = 10. Thus S1g will approximate S

with an error less than %. Moreover,

|S — Sn| <

1 1 1 1 1 1
Sijo=1-—-4+=-—-=-4+-——-=+=
10 2+3 4+5 6+7
1 1 1
T4 _ = —=0.645634921
8 9 10
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Example: Approximate the sum of the series
correct to four decimal places.

nzzjl(_l)ng

Here we first observe that b, = gn. Consider-
ing the function f(z) = &%, we see that f'(z) =
L=082 which is negative for z > g, and thus
b, 1S decreasing. By L'HOpital’'s rule, we may
also show b, — 0 as n — oo. Thus, we may
conclude that the above alternating series con-

verges.
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Using the alternating series estimation theo-
rem, we see that the sum of the series S, and
the nth partial sum S,, satisfy

n—+1

S — Snl < o

We will simply choose n so that this term %
is less than 10~°. This will be true if
5In10
In8

= 5.536546835 - - -

n >

Hence
—1 2 3 4 5 6

S ~ = _
5 T82 g3 gl g g

= —0.098762512
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Absolute Convergence:

Given any series

Y., ap=a1+tax+taz+as+---
k=1

we may create another series

oo

lag| = |a1| + |a2| + |a3| + |aa| + - --
k=1

We say that the series > 72 a; is absolutely
convergent if the series 372 ; |ag| converges.
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Clearly a convergent series with non-negative
terms is always absolutely convergent. It is the
series such as alternating series that we must
consider here. Since, for example, the alternat-
ing harmonic series ¥°2° ;(—1)**11 converges
by the alternating series test, however the har-
monic series Y32 , ¢+ diverges.

A series 72 ; a which converges, but the se-
ries 372 4 |ag| diverges, is said to be condition-
ally convergent.
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Example: Test the series for absolute or con-

ditional convergence:
PG e D DY CS Dl
n
n=1 n=1

NG

By the alternating series test, both series con-
verge. However,

< 1 < 1

Yo X

n=1" n=1\/ﬁ
are both p-series. The first converges since
p = 2, and the second diverges. Thus the
series Z;;O:l(—l)”‘H# converges absolutely *

. 11

and the series % ,(—1)"T n 15 converges

conditionally?.

*That is, it is absolutely convergent.
fThat is, it is conditionally convergent.
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Theorem: If }°72 , a; is absolutely convergent,
then it is convergent.

Proof: To prove this we observe that

0 <ap + |an| < 2]an|

and thus by the comparison test, since > 72 ; 2|ag|
converges, we have that 372, (ag+|ag|). More-
over, we know that

Y ap= ) [(ar + |ag]) — |ag]]
k=1 k=1

> (ag +lagl) = D lagl-

Q.E.D.
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We may use this result to show that the series

4 Cffé” converges, since
|COSn| 1
n2 '~ n2

and Z;?len—g is a p-series with p > 1 and thus

converges. Thus 22 4 C?fé” converges abso-
lutely, and hence it converges.

89



Rearrangements of Series:

Let
kl) k2) k37 k47 T

be a sequence in which every positive integer
appears once and only once. Then the series

©. @)
> g,
n=1

is called a rearrangement of the series

e, @)
> aj.
j=1
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Suppose that

n

n
Sn= ) a;, S) = > ag;;

then the two sequences of partial sums {Sh, }°2 4
and {S,}°2; may be entirely different. We
are thus led to the problem of determining the
conditions for which they both converge to the
same limit S. That is, when will a series and
a rearrangement of the series converge to the

same value??
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Example: Consider the alternating harmonic
series

1 1_|_1 1_|_1 1_|_
2 3 4 5 6

and one of its rearrangements

1 1 1 1 1 1 1 1
14+- 4+ -4 - _ 44 = 4.

+3 2+5+7 4+9+11 6+
The harmonic series converges to S which sat-
isfies

SS517S37557"'

In particular,

1 1 5
S<Sq7=1——~+ — = —,
< S3 2+3 6
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Note that for any positive k£ we have that

! + 1 1>O
4k — 3 4k — 1 2k
and thus
1+1 1>O
3 2
1 1 1
4+ =-—-=>0
5+7 4>
1 1 1
o116

and thus the rearrangement’s partial sums sat-
isfy

5 - / / /
6—5y@%<5g<“m
Hence we see that if {S,}%2; converges*, it
must converge to a limit greater than 2. Thus
the alternating harmonic series and this partic-
ular rearrangement of the alternating harmonic
series do not converge to the same limit value
S.

*It actually does converge.
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It can actually be shown that for any con-
ditionally convergent series Z,ﬁozl ap, and any
real number r, one can find a rearrangement

1 ag, that will converge r. This was proved
by the mathematician Riemann.* Moreover,
we have

Theorem: If > °2 ,ap converges absolutely,
then any rearrangement converges to the same
limit.

*The idea relies on the fact that ) °7 . |an| diverges
since the sequence of partial sums for this series is
unbounded.
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Proof:

Let S, = X7 qa; and S, = Y ;a Where
> i=1 0k, IS a rearrangement of >°2,a;, and
Y721 a; converges absolutely. Since 22, |aj|
converges, we know that given any € > 0O there
is an N € N so that m > n > N implies

m
Z |aj| < €.
J=n
Now, choose p so that

{1727"'7N}g{kl7k27"'kp}'

Then, if n > p we have that aq1,a9,---,an Will
cancel in the difference S, — S/,. Thus,

Hence the sequence {S,,}52; converges to the
same limit as the sequence {Sp} 2 ;.

Q.E.D.
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The Root Test:

Given a series 72 ; a; we consider the follow-
ing test for absolute convergence, called the
root test:

Consider a 1= liMmp—co {/|an].

o v < 1 implies Ziozl aj converges absolutely.

e a > 1 implies }>72 ; a; diverges.

o If a =1 or a does not exist, then no infor-
mation is given by this test.
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Proof of the Root Test: If o < 1, then given
any B € (a,1) we have that there is an N € N
so that n > N satisfies

iflan| < 8.

Then for such n's we have

lan| < B".

The series Z,?:n 5’“ IS @ convergent geometric
series, and thus 72 |ag| converges as well by
the comparison test.
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If « > 1 then we have {/|an| > 1 for n large and
thus |an| > 1 as well. Thus |ap] — 0 as n —
oo cannot be true, and thus {an};2; cannot
converge to O either. By the divergence test
we get that } °° ; an diverges.

To see that if &« = 1 that no conclusion can
be drawn we consider two series with o« = 1,
namely

oo o0
Z l, and Z iz

n=1" n=1"
The first series diverges, and the second con-
verges absolutely.
Q.E.D.
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Example: Consider the series
e 1,2
> (14D
k=1

Determine whether the series converges or di-
verges by using the root test.

1
V lan] = (1 + )" —e
n

as n — oo. ' hus the series diverges by the root
test.
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Example: Consider the series

Z(Qk—l—l

Determine whether the series converges or di-
verges by using the root test.

o/ \an n 1 1
a = = > —
Yon+1 241 72

as n — oo. T hus the series converges absolutely

by the root test.
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The Ratio Test:

Given a series 72 ; a; we consider the follow-
ing test for absolute convergence, called the
ratio test:

|an—l—1|

Consider o ;= limp—o0o an] -
n

o v < 1 implies Ziozl aj converges absolutely.

e a > 1 implies }>72 ; a; diverges.

o If a =1 or a does not exist, then no infor-
mation is given by this test.
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Proof of the Ratio Test: If o < 1, then given
any B € (a,1) we have that there is an N € N
so that n > NN satisfies

a

|an|

Then for such n's we have

|an41] <lan|B.

Thus, in particular, we know
an+1| < lay|B

lan4o| < lant1l8 < lay|B?

lan43] < laniolB8 < lay|8°
etc. Thus

k
lan+k| < lan|B".
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The series Y02 4 lay|B™ is a convergent geo-
metric series, and thus 3372 . ; ag| converges
as well by the comparison test.
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If > 1 then we have |a|2‘:|1| > 1 for n large and
thus |an| is eventually an increasing sequence.
Thus |an| — 0 as n — oo cannot be true, and
thus {an},2; cannot converge to O either. By
the divergence test we get that } 2 ; an di-

verges.

104



To see that if a = 1 that no conclusion can
be drawn we consider two series with a = 1,
namely

0 oo
Z l, and Z %

n=1" n=1"
The first series diverges, and the second con-
verges absolutely.
Q.E.D.
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Example: Consider the series
1
=1 k!

Determine whether the series converges or di-
verges by using the root test.

|an—|—1| _ 1
lan| C n+4+1
as n — oo. T hus the series converges absolutely
by the ratio test.
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Example: Consider the series

> 2

k=1
Determine whether the series converges or di-
verges by using the root test.

|an_|_1| . 3n2 . 3
lan]  (n4+1)2 (14 1)2
as n — oo. T hus the series diverges by the ratio
test.

\
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The ratio test may fail, but the root test may
still apply. Likewise, if the ratio test shows
convergence, then the root test will as well.
Conversely, if the root test fails because a =1,
the the ratio test will fail as well. Thus, the
root test has a wider scope.

To see this, consider the series
1 1 1 1 1 1
1+-"4+ -+ 4 -+ -4 4.
to+5+t Tttt
Here the ratio test fails, since there is no limit
for |a"+1|, but the root test shows convergence.

lan|
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Power Series:

Given a sequence

O
{a’n}nzo
we consider the series
©. @)
> anz" =ag+arz+ arz? + azz> + agz* + - - -
n=0
for any fixed x. Such a series is called a power
series in x, and the sequence terms

ap,al,ap,a3,a4,0as5, "

are the coefficients of the power series. *

*We may think of a power series as the case of a poly-
nomial whose degree is infinite, since the partial sums
Sn of the power series are polynomials of degree n.
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In the case where the sequence of coefficients
are constant, that is

agp =c,a] =c,ap =c¢,a3 =C, """

the power series in x iS a geometric series in
x. In such a case, the series converges if and
only if |z| < 1.

In general, we may ask the question:

For which values of x does the power series
"panx't Cconverge?

Such values of x are elements of the so-called
interval of convergence. Note that a power
series always converges for x =0
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The infinite series of the form

oo

> an(z— )"

n=1

=ag+ai(z—c)+ax(x—c)?+az(z—c)3+---

IS called a power series in x — ¢, Or a power
series centered at z = c¢. If ¢ = 0O this is
simply the case we considered above. Thus, we
will generally talk about power series centered
at an arbitrary fixed ¢

Note that a power series centered at ¢ = c
always converges for x = ¢. Thus the interval
of convergence is always non-empty.
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Determining the Interval of Convergence:

We may wish to determine the values of x for
which the power series > °2 ; an(xz — c)™ con-
verges. To determine this, we will use our tests
for absolute converges, such as the root test
or the ratio test.

112



For instance the root test requires

lim %an(a: —c)"|

n—0o0

—_— 1 n . _
= lim_{/[an| |z —c[ <1

iIS necessary. Thus, for the values of x which
satisfy

liMp—oco 1 |an|

we have absolute convergence of the power se-
ries. Also, the root test fails if there is equality,
thus the power series may or may not converge
if
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Similarly, we may apply the ratio test to test
for absolute convergence of the power series.
The ratio test requires

n=oo an(z — c)”

n—00 |an|

e —cl <1

IS necessary. Thus, for the values of x which
satisfy

we have absolute convergence of the power se-
ries. Also, the ratio test fails if there is equality,

thus the power series may or may not converge
if
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Radius of Convergence:

Thus, we see that for a given power series
o _gan(x —c)", there are three possibilities:

e [ he series converges for only x = ¢. This
case occurs when

a
lim M, lim  ¥/|an| = oco.
N— 00 |an| N— 00

e The series converges for £ € R. This case
occurs when

a
lim |"—+1|, lim ¥|an| = 0.
n— 00 |an| 1n— 00

e The series converges for |z —c| < R. This
case occurs when

: n
n—oo gy ’n||—>moo lan]| € (0, 00).
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The value of R is often called the radius of

convergence. Moreover, the radius of con-
- - - iy

vergence is the reciprocal of limy—oo or

|an|

limp—oco /|an|, when they exist.



Example: Consider the power series

@)
xn

-
n=0 "
Find its radius and interval of convergence.

Solution: Because of the appearance of a fac-
torial, we shall use the ratio test. This is an
approach will will take any time a factorial ap-
pears in our an terms. Thus, here a, = 1.
Hence, we need to require

im 1%t g

Nn— 00 |an|
Now,

1
An+1 _ (nFD)! _ n! _ 1
an % (n+1)! n+41

Thus we need

lim x| < 1

n—oon 41
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However, the limit is O, and thus this inequality
always holds, no matter what x is, thus giving
us that the radius of convergence is infinite,
and the interval of convergence is R.



Example: Consider the power series

> 3%z —3)™
n=0

Find its radius and interval of convergence.

Solution: Here we will use the root test, since
we have a, = 3" and thus

lanl = {/13" = 3.

Thus we need

H mn
im Vlan||lz —c| < 1

which in this case is
3lr — 3| < 1.
Here the radius of convergence is % and the
series converges absolutely for
2 - 3] < 2
x —_— -
3
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or simply
1

1

We now examine the cases where the root test
fails, that is

1
3l —3|=1 or |:c—3|=§.

This is simply x = 3 + % Such a case we have
the power series

©.@) @)
Z 1 and Z (—1)"

and neither converge. Thus, the interval of
convergence is

1 1



Example: Consider the power series

oo

Z nlz™.

n=0
Find its radius and interval of convergence.

Solution: Once again, we'll use the ratio test.
* In this case we need

lim [+l lz| < 1
n—00 |an|
and here
1)!
|an| n!

Thus, we need
im (n+1) - |x| < 1.

n—oo
The limit is oo and this inequality will only hold

if z = 0. Thus, in this case, the radius of con-
vergence is 0 and the interval of convergence

is {0}.

*this one is generally the preferable one, especially when
a factorial is in the expression.
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Example: Consider the power series

Z (= 1)nne”

Find its radius and mterval of convergence.

Solution: For this example, we can use ei-
ther the root test or the ratio test. In this
case, we'll use both. Noting as well that a, =

(—1)".
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First, we'll use the root test. Here
1
— .
One may use L'Hpital’'s rule to show {¥n — 1
as n — oo and thus we need

\ |an|

1
(&

or simply |z| < e. Thus, the radius of conver-
gence is e.
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For the ratio test we note that

1
ant1l _ (ntDe¥T _ 1 m
lan| 1 en—+1

nen

which approaches % as n — oo. Ihe ratio test

thus requires that +|z| < 1, and thus we con-
clude again that the radius of convergence is

€.

Thus, we see that the power series converges
absolutely on the interval

(—e,e).
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We now test the values £ = 4e in the power
series as well. These are the values of x where
both the root and ratio tests fail, and thus
require special attention.

For x = e we have the series
= (=1)"

2.

n=1
which converges. For the value x = —e we
have the series

n

> 2
n=1 n
which diverges.

Thus the interval of convergence is

(—e, e].
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The Representation of Functions by Power
Series:

Suppose you are given a function y = f(x) and
point in the domain of f, namely ¢, and you
wish to know if there a power series

0@

> an(z— )"

n=0
that will agree with f in value on an internal
around x = c.
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For example, the geometric series > > O:c and
the function f(z) = {=- agree on the interval

(—1,1).

Thus, we may easily see that

Z( 1)nn

1—|—x =0
on (-1,1), and

1
14+ 22

— Z (_1)nx2n.
n=0
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Given a power series, when viewing it as a
function whose domain is its radius of con-
vergence, we may want to know whether or
not the function it defines is continuous, dif-
ferentiable or integrable. The following result
addresses that.
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Term-by-Term Differentiation and Integra-
tion of Power Series:

If the power series >°°>% 5 an(x—c)™ has radius of
convergence R > 0, then the function defined
by

o0

/(@) = aptai(@—c)+az(z—c)’+ - = Y an(z—)"

n=0
is differential, and thus continuous®*, on the
interval (¢ — R,c+ R). Moreover, we have the
following, and all power series below have radii
of convergence R.

f(z) = a1 + 2a2(z — ¢) + 3az(z — )2+ - -

= Y (n+ Dapta(@— )™

n=0
*Remember: Differentiable implies continuous!!
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/f(x)da?:C’+ao(:1:—c)—|—CL2—1(g;_c)2_|_...

oo

:C—l— Z a’n—l(x_c)n

n=1 n

To see why this is true one needs to discuss so-called

uniform convergence. This is beyond the scope of this
course and would be discussed in a course in advanced
calculus or real analysis.



Consider again the geometric series, for =z &
(—1,1) we have

11 =14+z+z°+2>+z*+--.
— X

We see that

1 d 1
(1—-2)2 dzrl-—=x

d
:%{1+x—|—x2-|—:v3—|—ac4—l—~--}

=1—|—2x—|—3az —|—4:c Z
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Likewise, we have

—In(l—x)Z/

1 —=2x

Noting as well that

0=—-In(1-0)=C.
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This now allows us to address our original is-
sue:

Suppose you are given a function y = f(x) and
point in the domain of f, namely ¢, and you
wish to know if there a power series

0@

> an(z — )"

n=0
that will agree with f in value on an internal
around = = c.

To address this, let's suppose that

f@) =Y anlz— )"

n=0

=ap+ai(z—c)+ax(z—c)*+az(z—c)>+ -
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First evaluating both sides at £ = ¢ we see that

f(e) = ap.

Then, differentiating each side, we see that

f(z) = a1+2ax(z—c)+3az(z—c)’+4as(z—c)3+- - -

Then evaluating at £ = ¢ we get

f'(c) =as.
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Differentiating again, we see
() =2ar+ 3- 2a3(x —¢c) + 4 - 3as(x — c)2

+5 - 4ag(z — )3+ - -
Then evaluating at £ = ¢ we see

f'(e) _
L=

f'(¢c) =2a> or as.

Differentiating again, we see that

f"(z) =3-2a3+4 -3 -2a4(x —¢)

4+5-4-3ag5(z —c)° + -
Thus

() _
3!

f"(¢) =3-2a3 or as.

Continuing indefinitely, we see that

_ ()

an )
n!
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Taylor Series:

Given an infinitely differentiable function f(x)*
and a point x = ¢ in the domain of f, the series
5 ) (e)

n=0
is the Taylor series for f(x) about x = ¢. Note

here that f£(O) is simply the function f, and
Fn) = d°f

— dx"-

(z —c)"

n!

*Mathematician use the notation C* for these func-
tions.
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Because f is infinitely differential, we have that
£(n)(¢c) exists for all n, and thus this series is
well-defined. A natural question we may wish
to ask is whether or not the series agrees with
f(x) in its interval of convergence?
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We know from before that if f(x) can be repre-
sented by a power series around x = ¢, then it is
necessarily the Taylor series for f(x) at © = c.
For instance it will be shown that f(x) = €*
can be represented by a power series around
any c. Moreover,

oo n
T I

et — i
=0 nl

for all x. Such functions that agree with their

Taylor series in some non-trivial interval around

each point in their domains are called analytic

functions.
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It turns out that the classical functions such
as polynomials, root functions, cosx, sinx, e?,
and Inx are analytic. However, there are ex-
amples of C°° functions that are not analytic.
Consider for example

() 0 ifz =20
== 1 .
I e 2 if x =0

One can show that

fM@)=0 n>o0

and thus it's Taylor series would be identically
0. However f(x) %= 0 unless £ = 0. Thus, f
cannot be analytic.
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Taylor Polynomials:

The ntP partial sums for the Taylor Series for
a function y = f(x) about z = care called the
ntP order Taylor Polynomial for the function
f(x) about z = ¢, and we denote them by P,.
That is,

f”(C)

(z —c)?

Po(z) = f(e) + f'(e)(z — ) +

L@ f<”><c)

+g @+

(z — )™
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Taylor’'s Theorem: Approximating Func-
tions by Polynomials

Given a Taylor Polynomial P,(z) about z = ¢
for a given function f(z), a natural question to
ask is how large is

|f(z) — Pa(x)]

around x = ¢? We will call the quantity f(x) —
Po(z) the nt" Taylor remainder term, and
we'll denote it by Rn(x).
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Taylor's theorem gives us an error upper bound
in terms of the n4 15 derivative of f at a point
in between z and ¢, and as long as the n 4 15
derivative of f is bounded around x = c¢ this
will imply that P,(x) — f(x) for all x near c.

138



Taylor’'s Theorem: If f(x) is n+ 1 times dif-
ferential in a neighborhood of x = ¢, then for
all x in this neighborhood, we have the Taylor
remainder formula satisfies

Rn(x) = (n+ 1)! (z —c)
for some &, which depends on z and lies strictly
between x and c.
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Proof: For n = 0O this is simply the mean value
theorem since given x and ¢, there is a £ strictly
between £ and ¢ so that

f@) — f(e)

= f'(&)

and thus

flx) = fe) + f'(&)(z — o).
We then proceed by induction. Suppose that
this can be done for Taylor Polynomials of de-
gree less than or equal to n— 1. Let M be
defined by

f(z) = Po(z) + M(z — )" 11
and let ¢g(t) be defined by

g(t) = f(t) — Pu(t) — M(t —c)" T,
We have to show that

(n+ 1)IM = 1 (e)

for some & between x and c. Differentiating g
n+ 1 times we get

gty = f D) (n 4 1)1
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Hence, our proof will be complete if we can
show ¢(nt1)(¢) = 0 for some ¢ in between =z
and c.

Notice that P(¥)(¢) = f(B)(¢) fork=0,1,2,---,n,
and thus

g(c) — g,(c) — g”(c) P g(n)(c) — 0.
Our choice of M insures that
g(x) =0

and so by the Mean Value Theorem, there ex-
iIsts an xq1 strictly between x and ¢ so that

g'(z1) = 0.
Then applying the Mean Value Theorem to
the function ¢'(¢t) on the closed interval with

endpoints 1 and ¢ we have that there is an x»
strictly between x1 and ¢ so that

g'(z2) = 0.
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Continuing in this manner, by using this Mean
Value Theorem argument, we can find

L3y L4y LHy """y Tny 41

strictly between xz and ¢ so that
g”,(£133) — 07 T 7g(n+1)(xn-|—l) = 0.

Thus we have £ =z, 1.

Q.E.D.
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Since %e*’” — ¢ and €0 = 1, we see that the

nt? order Taylor polynomial for e about x = 0
S
2 3 n
X X X
Polz)=142+ 4+ -+ -+ —.
2 3l nl
The Taylor remainder term satisfies
e

= x
(n+1)!

for & strictly between z and 0. For each z € R

fixed, we see that R,(z) — 0 as n — oo and

thus

n—+1

Ry

T ooxn
€ — —

|
n=0 n:

.’L’2 ZC3
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Consider as well the function y = sinx. Clearly
we see that the Taylor Polynomial for sinx is

Po,(z) = Poy,—1(x)

B 5133 72 1 xQn—l
=t gt T UG T

for n € N. The Taylor remainder term satisfies

1
|Rp(x)] < (k-|-1)|xk+1 —0 as k— oo.

Thus we see that

00 x2n-|—1
Sine =
nEZ:o (2n 4+ 1)!
3 5
i i
=z—-+o+
Differentiating, we see that

2 4
X X
COSx_1—2!+4!—|—--~

') 2n

- 0(_1) 2n)!

n=—
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EXxercise:

Approximate e to 5 decimal places using Tay-
lor's theorem.

Solution: Here we shall find the form of the
nth Taylor polynomial P, for f(z) = e* about

r = 0.

Note that f(")(¢) = €€ for any n and thus we
need to bound the Taylor remainder term

3
(&
1 — o)+l
|(n_|_ 1)!( )T
Since e§ < e < 3, this term is less than
3

(n+ 1)!
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Thus, we need to find n so that
3 1
<
(n+1)! — 10
This will be true for n =9 or Iarger. Thus

€%1+1‘|‘ ‘|‘ ‘|‘ +EO

1 1
+720 + 5040 + 40320 + 3623830

= 2.718281526
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