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Parameterized Curves:

Let C be a curve in R?2 — or more generally in
R™. A curve C is parameterized if its coordi-
nates can be written as functions of a single
variable, say t, with a common domain I, an
interval in R.



That is, for curves in R? we have

C=A{(z®),y(t)) :z,y: I =R}

That is, for curves in R3 we have

C={(z(),y(t),2(t)) : z,y,z : I = R}.

That is, for curves in R™ we have

C= {(.CC]_(t),:BQ(t), U 7mn(t)) - X1,XD, 0, T - I — R}



Some Examples:

e Let f: I — R, then the graph of f
G={fQ@):tel}

IS @ parameterized curve.

e Let C be the unit circle {(z,y) : 22 + y? =
1}. Then C may be parameterized by

C = {(cos#@,sin®) : 6 € [0,27]}.

e The spiral in R3 given by

{(cost,sint,t) : t € R}

IS @ parameterized curve.

e [ he ellipse

2 2

{@y): 5+ 5,=1




may be parameterized as follows:

{(acost,bsint) : t € [0,27]}.

The curve

{(z,y) : z* +y* =1}

may be parameterized by

{(f(t),g(t)) : t € [0,27]}

f(t) = sign(cost),/|cost|
g(t) = sign(sint)./|sint]|

where sign(x) =1 ifz >0 and -1 if x < 0.

where

and



If a parameterized curve C in R? is given by

z=f(), y=g@), tela,b],

then we call (f(a), g(a)) the initial point and
we call (f(b),g(b)) the terminal point.



We call a parameterized curve closed if

(f(a),g(a)) = (f(b),g(b)).

We call a parameterized curve simple if

(f(2),9(8)) #= (f(7),9(7))

for any t %= 7 with t,7 € (a,b). In other words,
there are no self intersections.



Tangents to Parameterized Curves:

Here we restrict ourselves to R2, however in R™
the results are similar.

Suppose

C={(z(t),y(?)) : t € [a,b]}.

If z(t),y(t) are differentiable functions of ¢,
then the curve given by

z=z(c) +tz'(c), y=uylc)+ty(c),teR

is the tangent line line to C at the point (x(¢), y(c))
on C.



For example, for the parameterized curve

xr = Ccost, y=sint, t&[0,2n]

we have that at t = % the tangent line is given
by

(s y, T (s ), T
p— S t — ), pu— — t — ) tER
T w(3)+ x(3) Y y(3)-l- y(3)
that is
7T 7T 7T 7T
= COS ——tsin —, =sin—4tcos—, teR,
v 3 3 Y 3 T1C0s3

or simply

1 V3 V3 1
— - Y2 =24 teR
r=oobS Y=ttt



Moreover, if y may be locally written as a func-
tion of x, by the chain rule we see that

dy _ dy dz

dt  dzr dt
and thus if ‘fi—f # 0 we have



Find ‘fi—% at t = % for the parameterized curve

given by

xr=2cost, y=3sint.

Here
dy  —2sint
dt ~ 3cost
and thus at ¢t = 7 we have

dy 2



Area Under Parameterized Curves:

If y= F(x), FF > 0 is a function, the the area
under the graph of F, above the z-axis and
between x = a and x = b IS given by

A= /b F(x)dz.

a

If a curve is given parametrically by x = f(¢)
and y = ¢g(t) > 0 for t € [a, 8] with x increasing
as t increases, then the area between the curve,
the z-axis and the lines x = f(«) and z = f(B)
IS given by

A= [ g Wt
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Example: Find the area of the region bounded
by the curve 72 -+ y2 = 1.

To solve this we will find half of this area,
and use symmetry to find the total area. Here
we examine the area under the parameterized
curve given by x = cos(wr —t), vy =sin(w —1)
for ¢t € [0, 7] and above the z-axis.

This is given by
T2
A=/O sin2(r — t)dt

1 1 T
= —5(m =) + sin2(r — )i

Thus the total area is m, as expected.
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Arc Length of Parameterized Curves:

Suppose that C is a curve given parametrically
by
r==z(t), y=uy(t), te&la,b].

Suppose that z(¢t) and y(¢) are differentiable
for t € [a,b] and their first derivatives z/'(t),y'(¢)
are continuous. We wish to find the length of
C, often called the arclength of the curve C.
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First we shall restrict ourselves to the special
case of the graph of a function y = f(x).

The length L of the curve given by the graph
of y = f(x) over [a,b] shall be defined as fol-
lows: For simplicity, let us assume that f(x)
y = f(x) is differentiable on [a,b], with a con-
tinuous first derivative on [a,b]. Otherwise the
length may not be defined.*

*For example, consider y = f(x) on [0,1] given by
f(0) = 0 and f(z) = =zsin(2) for 0 < & < 1. This
curve would have to have infinite length.
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We will assume that the length of a line seg-
ment is the only length thus known, and this
iIs simply the value you obtain using the dis-
tance formula with the endpoints of the line
segment.
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So consider a partition of the interval [a, b]

a=20< 21 <2< < Tp_1<xTn =120,

and define

A:Ci =X, —X;—1.

For 1 < 1 < n, consider the graph of y =
f(x) on [x;_1,z;]. Assuming that Azx; is suf-
ficiently small, by the differentiability of f(x),
we have that the length of the graph of f(x)
on [xz;_1,x;] is approximately

i i= \ 8a? + (f(zi) — flei1))>.
This is simply the length of the line segment
with endpoints (z;_1, f(x;—1)) and (x;, f(x;)).

15



However, we may rewrite [; as

I = \/1 + (f(ilfi) ;i‘(xi—l))zAa}i.

Moreover, using the mean value theorem, we
see that there is a number & € (x;_1,x;) SO
that

=14 (7€)% A
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Thus, L may be approximated by

> V1 (€0

1=1
which is a Riemann sum for the integral

[Vt (@),

Moreover, by our assumptions on f, the larger
n gets in the above approximation for L, the
smaller

L= 3 Y1+ (F(&)%0a;

1=1
gets. Thus

L= Vit (@)
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Now, consider a parameterized curve in R2:

7(t) = (z(¢),y(t)),

t € [a,b] and z(t),y(t) differentiable with con-
tinuous first derivatives on [a, b].*

For parameterized curves (z(t),y(t)), we wish
to determine the length L of the curve over
the interval [a,b].

*If £(t) = t, then this case reduces to the graph of a
function y = f(¢), which we just discussed.
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Once again, we partition [a, b] by

a=1tg<t1 <to<: - <th_1 <th =0,
and define At; =t; —t;_1.

Let [; be the length of the piece of the curve for
t satisfying [t;_1,¢t;]. Then we may approximate
[; by

V@@t — z(ti—1))2 + (y(t;) — y(ti_1))>

which by the mean value theorem, may be writ-
ten as

V@ )2 + ' ()2 At
for some &;,m; € (t;_1,1;).
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Hence, we see that

La Y Ve (€))2 + (6 ()2t
1=1

for n sufficiently large.

Letting n — oo we get

L= [ VG0 + W)

20



Example:

Find the length of the curve given parametri-
cally by

x(0) = cosf, y(0) =sind 0 € [0,2n].

Here we have
£'(0) = —sin@, '(0) = cosé

and thus

L = /027T \/(— sin §)? 4 (cos #)2d6

21
— df = 2.
0
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Polar Coordinates:

Given a point (z,y) € R?, z,y not both 0, we
may express x and y in the following form:

xr =7rCcosf, y=rsiné

where

’r=\/x2—|—y2, tan@zg.

Thus r > 0 and 0 € [0,2%w). This representa-
tion of x and y in terms of (r,0), called the
polar coordinates of (x,y), is a representa-
tion where 6 is the angle between the ray de-
termined by (0,0) and (z,y) and the positive
x-axis, and r is the Euclidean distance between
(z,y) and (0,0).
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For example, the circle C given by
72 -+ y2 =4
IS given by
r =2

in polar coordinates.

The curve given by

IS given by

r?(cos? —sin?) = 1.

23



Areas and Lengths in Polar Coordinates:

If a curve C is given in polar coordinates with
r as a function of 6,

r=r(0),

we have that the area of the region bounded
by 8 =a, 6 =b and r = r(0) is given by

b1
A:/ 240,
0 2

The length of C for 0 € [a,b] is given by

b
L =/ \/r2 4 (%)Qde.
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