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Integrals of Functions of Two Variables
over Rectangles:

Let
z= f(z,y)

be a function of two variables defined on a rect-
angle R = [a,b] X [¢,d]. Suppose we partition
[a,b] in the following manner

a=20< 21 <2< < Tp_1<xTn=2>
and we partition [c,d] by

c=yo <Y1 <y <- < Ynp-1<ym=d.
These partitions give rise to a partition P of R
into smaller rectangles by considering all inter-
vals of the form
Ri; = [z;i—1, %] X [yj—1,y;]
where

1<:1<n, and 1<j3<m.



Choosing a representative point (z;;*, y;;*) from
each R;;, we consider the Riemann Sum of
f(x,y) on R = [a,b] X [c,d] with respect to the

above defined partition as
> f(ij*, yix) DNA;;
1<i<n,1<3<m
where AA;; is the area of R;;. Thatis, if R;; =
[xi—1,7i] X [yj—1,y;], then AA;; = (z; — x;—1) -
(Yj — yj—1)-



We define the norm of the partition P to be
the maximum length of a diagonal of all the
rectangle R;; in the partition P of R; this we
call write as

1P

That is,

Pl = max s 2 —— 2.
IPI= _, max _ (@i-zi-1)®+ (g~ yj-1)




We define the Riemann Integral of f on R by

[ | f@yaa=

IPI=0 1 <i<n,1<i<m

provided the limit exists. Here we note that the
limit is taken over all all possible partitions P
of R with any choice of representative points
(z;j*,y;5%) taken from each A;; in any fixed
partition P of R.



The Existence of [ [p f(x,y)dA when f is
continuous:

It can be show that if z = f(z,vy) is continuous,

then
| | #G@v)da

as defined above, exists.



The Geometric Meaning of the Riemann
Integral:

Suppose that z = f(x,y) iS a non-negative
function, then

| | f@y)da

is the volume of the region bounded above by
the graph of z = f(x,y) and below by R is the
xy-plane.



Iterated Integrals and Fubini’s Theorem:

If
z = f(z,y)

is a continuous function defined on R = [a, b] X
[c,d] then the integral

| | @A

equals the following:

//Rf(fv,y)dA — /ab(/cdf(iv,y)dy)da;
nd

d

//Rf(x’ y)dA = /Cd(/abf(%’,y)da:)dy.



Example: Evaluate the integral
// :132y5dA
[1,2]x[0,1]

Solution: by Fubini’'s theorem we have

//[1,2]><[0,1] $2y5dA — /12(/01 x2y5dy)d:c

2 1 _q
= [ e =p)de



Example: Evaluate the integral

/ /[O,E] < [0.1] x COS xydA.

Solution: We use Fubini’'s theorem, and ob-
tain the value of the integral through a com-
putation of the iterated integral

LR dy)
CoOS
/O/O/Ox xydy) sz

. 5 xSin zy y=1
= (2T =L,
0 x Y

™
>

=/ Sin xdx
0

v
2
0

xZ
= —Ccosz|,

= 1.



Integrals over Non-rectangular Regions:

Here, we consider

| | f@yda

where D is a (not necessarily rectangular) re-
gion contained in the domain of a continuous
function

z = f(z,y).

Let R be a rectangle that contains D. By ex-
tending z = f(xz,y) in the following matter

F(z,y) = { g(l‘,y) g:z% ; g

we may define

//Df(ac,y)dAZ//RF(x,y)dA.
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If z = f(x,y) is continuous on D then this in-
tegral will exist. Moreover, if D is a region of
type 1 or type 2, then we may use Fubini’s
theorem to evaluate the integral as an iterated
integral.
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Here a type 1 region is a region of the form

D={(z,y) :a <z <bgi(z) <y <go(x)}

A type 2 region is a region of the form

D={(z,y) :c<y<d,hi1(y) <z < ha(y)}.

12



If D is a type 1 region, then

[ [ s@waa= ([ s vdyya

g1(x)
and if D is a type 2 region, then

[ [ s@waa= ") 1 ydnay

h1(y)

provided g1, g, h1, ho are nice enough (say dif-
ferentiable) and f(x,vy) is continuous on D.
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Example: Evaluate

4
// Y _dA
Dx34+2
where

D={(z,y) 1 <x<2,0<y< 2z}

Solution:

We use Fubini’'s theorem to write this integral

as
2 2z 4 2 242
[ 5 dyyde = [T =5 de
1 Jo z342 1 342
2 8p2
= * dx
1 2342
8 101

8
§|nu|’“ 10 = —(InlO In 3).

14



Example: Use Fubini's Theorem to rewrite
the iterated integral by reversing the order of
integration, and evaluate it:

/01 /\;@ \/:1;3 + ldxdy.

Solution:

Here we write

/01/\/1@\/563—|—1dxdy=/01/0x2 \/:133—|—1dyd:13
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