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The Determinant of a Square Matrix:

We would like to define a function

det : My n(F) — T,

that satisfies the following properties:

1. detis a linear function as a function of each
of the rows of the matrix.

That is, if we think of the matrix A as a
collection of rows (R1,Ro,---, Ry), then:

det(R]_,'“,CRi+Ré,"',Rn)
— Cdet(R17"'7Ri7"'7Rn)

+det(Ry, -+, R., -+, Rn).



2. If any of the rows of A are equal, then

det(A) = 0.

det(lp) =1

It turns out that such a function does exist,
and is unique.



Properties of the Determinant Function*:

1.
det(AB) = det(A)det(B)
and thus,
1 = det(I,) = det(A)det(A™ D),
which implies
det(A™1) = det(4) L.
2.

det(A) #0 <= A invertible.

*that follow for free



A Formula for the Determinant:

A bijection from the set of integers

{1,2,---,n}

to itself is called a permutation of the set
{1,2,---,n}. The collection of all permutations,
denoted S, iS an algebraic group under the
operation of composition. This collection con-
tains n! elements.

Permutations can be classified as odd or even,
according to the parity of the number of trans-
positions need to decompose the permutation
into a product of transpositions. Here a trans-
position is a permutation that fixes all but two
of the numbers, and exchanges two numbers.



If o € S, then the sign of o, denoted sgno, is
1 if o is even, and —1 if o is odd.

Thus, for an n x n matrix A = (a;;), we have

det(A) = Z sgno - ala(l)aza(Q) <. a’na(n)'
ocESH



A Specific Formula for the Determinant of
a 2 x 2 Matrix:

Let
a a
A— | @11 a12 |
a1 ano
Then
_|la11 a1n | _
det(A) = = a11a22 — a12a21
a»1 apo

is the determinant of A.



A Specific Formula for the Determinant of
a 3 x 3 Matrix:

Let
a1 a2 @13
A= a21 a2y an3
| a31 a3> as3
Then
a1 ai2 ai3
det(A) = | ap1 ap> an3
a31 a3z2 as3
—qqq | %22 923 |_, 021 @23 |, |21 422
az2> as3 a31 as3 az1 aso




Examples:

Find the determinants of the following matri-
ces.

-[20)

det(4)=0-1-0-1=0

=21

det(A)=0-1-1-1=-1
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det(A)=1-4—-2.3=-2
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-2 2 -2
det(A)

|5 7 3 7 3 5

=3 Bl % Llren[ 2

= 1(—10-14)—2(—6+14)—1(6410) = —56.



Eigenvalues and Eigenvectors:

Given a linear transformation
L:R" — R",

we say that A € R (or more generally C) is
an eigenvalue for L if there exists a non-zero
vector ¥ € R" so that

L(Z) = \7.

Note that such an ¥ is called an eigenvector
for L corresponding to the eigenvalue .



As we saw earlier, linear transformations L :
R™® — R"™ can be expressed uniquely with re-
spect to the usual basis {e1,ep,---,en} of R”
via

L(Z) = AZ.

Thus, given a matrix A € My »(R) we say that
A € R (or more generally C) is an eigenvalue
for A if there exists a non-zero £ € R"™ so that

AT = A\Z.

Once again, we call such an £ an eigenvector
for A corresponding to the eigenvalue \.



Note that by properties of L or by properties
of scalar multiplication, if £ is an eigenvector
for L or for A, corresponding to an eigenvalue
A, then so is c¢x for any ¢ #= 0 in R.

Hence, we define the eigenspace for the eigen-
value X\ to be the subspace generated by the
span of eigenvectors corresponding to an eigen-
value A. Such a subspace is invariant under the
linear transformation L or under the multipli-
cation by A.
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Observe that
AT = AT,
IS equivalent to
(A — \,)Z = 0.
Thus we see that
det(A—-\I,) =0
if and only if X is an eigenvalue of A.*

We note that the polynomial det(A — A\I,) is
called the characteristic polynomial for A.
Moreover, the eigenvalues for A are the so-
called roots of the characteristic equation

We note as well that the collection of eigen-
values of A is called the spectrum of A.

*Because we are requiring that the operator A — Al has
a non-trivial kernel whenever A is an eigenvalue, and
hence is not invertible whenever A is an eigenvalue.
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Example: Find all eigenvalues for A and cor-
responding eigenvectors for each eigenvalue,

where
1 1
=[5 4]
Solution: We consider the characteristic equa-
tion
det(A — )\12)
1 1 1 0
_det<[o _2]4[0 1]>
1= A 1
0 —2 -

— (1 -=A)(=2-)) =o0.

Thus, the eigenvalues are 1, —2.
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We now substitute the X values into (A—\I,)Z =
0 to find corresponding eigenvectors.

Case \=1:

We need to consider

¢ L]3]-18)

This implies y = 0 and thus

o)

IS an eigenvector for the eigenvalue 1.
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Case \ = -2

We need to consider

2olls)=1e)

This implies y = —3x and thus

)

IS an eigenvector for the eigenvalue —2.
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