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Sequences and Limits of Sequences:

A sequence of real numbers is a function f
from the natural numbers into the real num-
bers, that is

f:N—=R

Usually, we write f, to represent f(n), and it
is common to write the function values

f17f27f37"'7fn7'°'

to represent the sequence, and we often ab-
breviate this by

(fn) or (fn:meN).*

*We prefer (f, :n € N) instead of {f, : n € N}, because
the later is the range of the sequence.



There are several ways which a sequence may
be defined. Sometimes a sequence is defined
by a formula for f, in terms of n. Sequences
may also be defined inductively or recursively.
That is we calulate f,, in terms of f1, fo, -, frn—1.



Some Examples of Sequences:

The sequence f, ;= 1 is a constant sequence,
since each value in the sequence is 1.
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The sequence == IS the sequence

Jn :
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The sequence defined by f1 =1, fo =1, and
forn>3

Jn=Jfn-1+ fn-2

IS the so-called Fibonacci sequence; it's terms
are given by

1,1,2,3,5,8,13,21, - -

The sequence defined by f,, = (—1)", has terms
given by

_17 17 _17 17 _17 17 e



Limits of Sequences or Real Numbers:

A sequence or real numbers (fy) is said to con-
verge to L € R, and L is said to be the limit
of the sequence, if Ve > 0, AN € N so that for
n > N we have |f, — L| < e. Moreover, we often
denote L by

n||—>moo Jn-

If a sequence (fn) has a limit limp—oo fn, then
we say that (fn) is a convergent sequence. If
no limit exists, then (fy) is said to be diver-
gent.



In our first example of a sequence f, =1 Vn €
N, we have that lim,—co fn = 1 since given any
e>0

O=]|1—-1|=|fn—1<e VneN.

In our example f, = %, we have that limpeo fn =

0. To see this, let € > 0 be given. By the
Archimedean Property we may pick N € N so
that

1
N > —.
€

Thus, in such a case, for n > N we have
1 1

——O < —< €.
—-0=-<~



The Fibonacci sequence
1,1,2,3,5,8,13,---

iIs divergent because f, > n— 1 for all n. We
shall now prove this by the principle of com-
plete induction:

If n =1, clearly 1 = f;1 > 0. If n = 2 then
fo=1>2-1=1.Ifn=3then f3=2>2-1.
Now suppose for some n € {3,4,5,6,---} we
have Vk € {1,2,3,---,n} that f, > k— 1. We
must show that f,41 > n.

Now,

fot1 = fntfn—1 2n—-14n-2>n—-143-2 =n.

Thus we see that f, > n — 1. Hence, we see
that if limp—oo frn €xists and equal L, then by
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the Archimedean property, there is an N € N
so that N > L 4+ 2 Thus for n > N we have

fn>n—1>N-—-1>L+4 1.
Hence,
|fn_L|:fn—L21

and thus for e < 1 we cannot obtain |f,—L| < ¢
when n is large enough.



Finally, for the sequence f, = (—1)", we claim
that limp—5 0 frn does not exist. To see this we
simply fix any € < % Then for any n € N, either
(-1)"—L| > or [(-1)»+ — L] > 1.



Uniqueness of Limits of Sequences:

If limp—oo fn €Xists, it is a unique value.

Proof: Suppose L, M are limits of (f,), then
given € > 0 there exists an N, K € N so that
n > N we have

g
|fn—L| < >

If n > K then we have

| fn — M| <

N | ™

Thus for n > max{N, K} we have

|L—M|=|L— fn+ fn— M|

§|L—fn|+|fn—M|<%—|—%=s.
Q.E.D.



Consider the sequence

2n+1
an_ 3n_27 nEN.
We will now show
lim a, = g
n—oo

To do this, we assume that we are given € > 0O
and we need to produce an N € N so that
n > N implies
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Now,

2n+1 2 2n4+1 2 n—3%

3n—2 3 3n — 2 3°n_§
_|2n—|—1 2n—%|
- '3p =2 3n —2
_|2n—|—1—(2n—%)|
o 3n —2
4
_ 3
|3n—2|
_7 1
3 3p-2
V4 1 V4 1
<_. —_— . .
3 3(n—1) 9 n-1
We know & — 0 asn — oo and thus 1+ — 0 as

n — oo™. Thus we can make % < %s for n > N,
for some N € N.

*— is read " approaches’”
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A sequence
(an :m € N)
converges if and only if

(ap4k i m EN)

converges for any fixed k € NuU {0}. That is,
for a sequence to converge, we only need to
examine the so-called tail end of the sequence.
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Theorem: Let (xz,) be a sequence and z € R.
If (an) IS a sequence of positive real numbers
with limit O, C > 0 is a constant, and for some
m € N we have

lxn — x| < Cap,
then

lim x, = x.
n—oo

Proof: Let € > 0 be given. Then there exists
K € N so that for n > K we have

g
an — |an - O| < 6
then for n > max{K,m} we have
9
|xn — x| SCan<C'6:8-

Q.E.D.
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Example: For example, for ¢ € (0,1) we will
show

lim ¢" = 0.
n—oo

For ¢ € (0,1) we write
1 1

c= , where a.=——1.
a+1 C
Then
0<c" = 1 < 1 <i
(a4 1)" " 14na na
Now
1
——0
n

and is a positive sequence, so we use the above
theorem to get limp—ooc™ = 0.
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Example: For ¢ > 0 we claim that
1
(cn :n € N)

has limit 1.

Tlo see this we examine cases. If ¢ = 1 then
1» =0 for all n. So of course, the Ilimit is 1.

1
If ¢ > 1, then we know ¢n = 1+4d, with d,, > O.
(Why?)

Thus,

c=(14dn)" > 14 ndn.

c—1 Conse-
n

Hence ¢ — 1 > ndp, and so d, <
quently,

1 1
|C" — 1| =dn < (c—1)—,
n
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and thus the result follows.

1
In the case 0 < ¢ < 1, we write cn = ﬁ with

hn, > 0. Thus

1 1 1
c = < < :
(L+hp)®» — 14+ hnp nhn

It follows that

1
0<hp<—
nc

and thus we have

1 1
en — 1] < —-
c

S [

Thus the result follows.



Example: We will show that

1
Iim nn = 1.
n—oo

1 1
To see this, we note that n» > 1. Thus, nn =
14 k, for some k, > 0. Hence

n= (144 k)"

= 1—|—nkn+n(n2_ 1)l<:$-|-. Ak > 1+n(n2_ 1)kg.

It follows that n—1 > Wkg, and thus k2 <
2

H.

If e > 0, it follows from the Archimedean Prop-
erty that there is an N € N so that % < g2
Hence, for n > max{2, N} we have % < €2,
Therefore

1 2.1
O<nn—-—1=k,<(—)2<e.
n
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Homework EXxercises:

pages 59-60 numbers 1 a,c; 2 a,c; 3 a,b,c; 4;
5a,c; 12; 14.
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Limit T heorems:

A sequence of real numbers (xy) is said to be
bounded, if there exists an M € R so that

lxn| < M Vn € N.
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Convergent Sequences are Bounded: To see
this suppose (xn) iS a convergent sequence
with limyp—sco n = . Then for n > N we have

lxn — x| < 1,
since (zy) converges. Thus, for n > N we have
[Zn| = |lon —z + 2| < |on —z[+ |2 < 14 |=].
Thus, if we take
M = SUD{|:U1|7 |£L'2|, Tt |xN|7 1 + |CIZ|}
we have

The contrapositive of this statement — which
IS logically equivalent — is:

Unbounded Sequences Diverge.
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Given two sequences (zn) and (yy) of real num-
bers, if

im xz, = x lim —
n—oo - ’ n—>ooyn Y

then the following also hold:

Tntynp >ty as n— o0

TnYn — TY asS 1N — OO.

e For z # 0 and n sufficiently large so % is

defined we have

1 1
— — — as n — oo.
Tn x
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e For y #= 0 and n sufficiently large so that
In js defined we have

Yn
In X
— = —.
Yn Y
Proof.:
e Use

|zn £ yn — (z £ )| < |zn — | + |yn — yl.

Each of the terms |z, — x|, |yn — y| May be
made arbitrarily small since z,, — x and

Yn — Y.

e Use
|5Unyn - :cyl — |5Unyn — Tpy + Tpy — a:yl

< |znllyn — yl + lyllzn — |,



xyn is bounded and |z, — x|, |lyn — y| Can be
made arbitrarily small.

e Use
1 1 |xn — x|

Then use z, is bounded and |x—1| < |§—| to
get the rest.

e For the last one use the second and third
properties together.



The next result we would like to note is:

If £, > 0 and limp—co xn, then limy oo xn > 0.

To see this, we suppose the contrary. If limp—co zn <

0, then using e = |"m”§°°m”| we have that for
n>N
. ||imn—>oo 517n|
and thus
lim T
v, < n—oo Tn <0,

- 2
which is a contradiction.
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Some corollaries of this are:

Corollary: xpn — x, yo — y and zn < yn iIMmplies
r <vy.

To see this define the sequence y, —xy, and use
the above result.

Corollary: If (xzyn) is @ bounded sequence which
converges to z and a < x, < b, then

a<x <b.

To see this use x,, —a and b— x,, and apply the
above result.
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The Squeeze Theorem: If (z,), (yn), (2n) are
sequences satisfying

Ln, S Yn S zn
and
o0 T T plootn — W
then
lim = w.
nesoo I — W

To see this we observe that |z, —w| and |zp, —w)|
go to 0 as n — oco. Moreover,

—|zn —w| <zp—w<yp—w<zp—w < |zp —wW|.



Another useful result is the following:

dim zp =2z = lim |xn| = |x|-

To see this we note that

|lzn| — |z|| < |lon — |

and the term on the right side of the inequality
— 0 as n — oo.
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Finally xn, > 0 and xn — x implies /zp, — /.

To see this note that

[VZn — V| <

|acn—x

7
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Homework: Pages 67-68 exercises 1 b,c,d; 2;
3; 6 (turn in); 8 (turn in); 13 (turn in); 18 a,b
(turn in); 21 (turn in).

Problems are due on Thursday November 20th.
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Monotone Sequences:

A sequence (xn) is said to be (strictly) in-
creasing if for each n € N we have

(zn < xn—l—l) Tn < Tp41-

A sequence (xn) is said to be (strictly) de-
creasing if for each n € N we have

(zn > C13n+1) Tn 2 LTp41-

A sequence (xp) is said to be monotone if it
IS either increasing or decreasing.
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Monotone Convergence Theorem:

If (xn,) is @ bounded increasing sequence, then
nli_}moo Tn = sup{xn : n € N}
If (zy,) is @ bounded decreasing sequence, then

Aim_zp, = inf{xy : n € N}.
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Proof: Let (z,) be a bounded monotone se-
quence. By otherwise using (—z,) and page 38
exercise 5, we may assume that (zp) is increas-
ing; and in such a case we know z := sup{zp :
n € N} exists.

Let e > 0 be given. Then x—¢ is not an upper
bound for

S = {xn :n € N}
Hence, there is some N € N so that

r—e<zny <
Since (xp) is increasing and x is an upper bound
for S we know that for all m > N in N, we have
r—e<Tm< .
Thus
lem — x| <€

for m > N.
Q.E.D.
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Example: Consider the sequence
1
Vn+1
We will show that (xy) is decreasing and bounded.

Moreover, =z, > 0 Vn € N and we will show

In —
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We know that ¥z is increasing as a function,
that is

a<b < Ya< Vb

Moreover,

2>1 < n+2>n+1

— In+2>In+1

1 1
= Tntis It

< Inp Z xn_l_l.

Thus, we see that (x,) is decreasing. More-

over, since xnp > 0 and x, < x7 = L we know

2
that

nli_)moo xn = inf{xn : n € N}.
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We now need to show

inf{z, : n € N} = 0.

Given € > 0, we need to show that we may find
n € N so that z, < .

By the Archimedean property, we may choose
> L 1
n — — 1.
3
Thus, in such a case

1
= < E.

R §

Hence z,, — 0 as n — oc.

31



Homework EXxercises: page 74 numbers 2, 4,
6 and 7
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